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Differential Equations - 1

1.1, Introduction

We are familiar with the solution of differential equations (d.e.) of first order and first
degree. In this unit we discuss the solution of differential equations of first order but
not of first degree. In addition to the general solution and particular solution associated
-with the d.e, we also introduce singular solution. The d.es of first order but not of first
degree are also branded as p - y - x equations.

1.2} Differential equations of first order and higher degree

d S
If y = f(x), we use the notation " dz = p throughout this unit.
A differential equation of first order and 1" degree is the form
-1 -2
A"+ AP T AP T b4 = 0 S

where A{J’ Al, Az, e A” are functions of x and y. This being a d.c of first order, the

associated general solution will contain only one arbitrary constant. We proceed to
discuss equations solvable for p or v or x, wherein the problem is reduced to that of
solving one or more differential equations of first order and first degree. We finally
disucss the solution of Clairaut's equation. )

Equations solvable for p

Supposing that the LHS of (1) is expressed as a product of # linear factors, then the
equivalent form of (1) is

[p=filx, T Ip=f(x, )] Ip=f (x, y)] =0 - {2)
=> [p—f(x, y)1 =0, [p-Hlx, )]l =0 [p=f (., y)]=0
All these are differential equations of first order and first degree. They can be solved

byﬂleknownmethods.IfF](x, v, ) =0F(x,y,c)= 0,...F (x,y,c)=0

respectively represents the solution of these equations then the general solution is
given by the product of all these solutions.

Note: We need to present the general solution with the same arbitrary constant in each factor.
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WORKED PROBLEMS

C g .
L Sotoe: 7("-" b12 -0
. dx | dy )
>> The given equation is
p2—7p+12=0
e,  (p-3)(p-4)=0 or p=3,4
We have,
gli=3 = y=3x+c or Yy-3x-c=zl
dx R M
dy
Also, =4 = y=4x+c or Yy—-4x-c=20

dx
Thus the general solution is given by, (y—3x-¢)(y- dx-¢c) =0

fdy iy
T Yoy

.2. Solve: y | 0 t(x—1) gy

>> The given equation is

'yp2+(x-y)p—x =0

() V(o Ay

2y
_(y=x)xlxty)
2y
ie., r= H:—%ﬂ or p= y—xz;x—_g
ie., p=1 or p=-x/Yy
We have,

@zl::>y:x+c or (y-x-c})==0
d —-X

Also, Ei%,:—_ or ydy+xdx=0 = Jyderjxdx:k
ﬁ X 2,2 2

ie., 2+7:k or Yy +x :g__k or (x +y2—c):0

Thus the general solution is givenby (y—x—¢)( 2+ y2 -c)=20
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i \‘2 2 dy

. / 1
3. Solee: il - (" + ;fz) Tobay = ()
T i :

(.\)

>> The given equation is
xypz—(x2+y2)p+xy =0

_ _(_xz+y2)+\/(x2+yz)2~4x2y2
e 2xy

po (V)2

2xy
y i et o L e
P iy TPy
ie., p = j—; or p= i
We have,
dy «x 3 ) 3
ix "y or  ydy-xdx =0 jy dy — _[x dx =k
2 2
ie., 3L—--J-C—zk or y¥-x=2% or (1/2—312—c)=0
2 2 )
Also, Y _Y oo dy_dc_ F"}/._I!?Eff.:k
Todx x y x i X

ie., logy-logx =k or log(yx)=1loge .> y—cx =0

Thus the general solution is given by ( yz - ¢ J{y—-cx) =20

3. Salvoe: ;rz =2psinln—-1=10

>> p2—2psinhx—1 = 0, by data.

_ 2sinfix + VasinkCx+4

2
2sinhx 2 VCOShZ x_ )
p =Ty = sin hxtcoshx
ie., p=sinkhx+coshx or p=sinhx—coshx
We have,

dy . .
Eé_ =sinhx+coshx > vy =coshx+sinhx+c
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d
Also, E%:sinhx—coshx = y=coshx-sinhx+c

Thus the general solution is given by
(y—coshx—sinhx—c) (y—coshx+sinhx—c) =0

or
e et e et
T e el | e RS

5. Solve: pz +2pycoty = yz

>> p2 + 2py cot x — yz = (, by data.

-2ycotxt \/4y2 cot2 x4+ 4}/%

2
— 2y cot x £ 2y cosec x

p=-~--J 21/c < = y (—cotxtcosecx)
Ie., pz}/(—cotercosecx) or p:}/(—cotx—cosecx)
We have,

d

a*;f:y(—cotﬂcosecx)

dy
or y = (cosec x —cot x ) dx

o J.-di = I('cosecx—cotx)dx+k
y

ie., log y = flog tan £x/2 ) = log sini x + k
gy = [logtan £x/2) ~log

o, [etanGe) | .
or logy = log { Gin e } where logc =k
L _ctn(x2) | cwn(e2) & C
’ Y= Tdnx T 2sin(x/2)cos (/2)  2cosxs2  1+cosx
fe., y(l+cosx) =¢
Also %zy(—cotx-‘cosecx)=—y(cotx+cosecx)
4y
Sor - = (cot x + cosec x ) dx

-y
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{
JF’V- + j(COtX‘FCOSECJ() dx =k
¥

ie., log y +log sinx +log tan (x/2) = k
or log [y'sinx tan(x/2)] = log ¢ where loge = k

sin (x/2)

= y-2sin(x/2)cos(x/2 =
4 n (x/2) cos (x )cos(x/Z) ¢
ie., Y- 2sin?(x/2) = ¢ or y(l-cosx) = ¢

Thus thegeneralsolulionis.y(1+cosx)f—c;} {y(lﬁcosx)—-c} =0

b. Solve: x (o )2 —(2v+ 3y )y toy =0
>> The given equation with the usual notation is,

Xp?=(2x+3y)p+6y = 0

(2x+3y)+ \/( 2x+ 3y )2 — 24xy

2x
b= (2@,%,33)_2% (2x=3y) 3;/
We have,
j;z =2 = _[dy = 2Idx+c or Yy =2x+c¢c or (y-2x-¢)=0
O S I NN Tt

ie., lég y =3logx+k or logy = log.x3+logc, where k = logc
ie., logy = log(cx’) = y=ca or y-cx®=0

Thus the general solution is (y—2x—¢) (y- X )=10

>> Pt (P +y) = 0, by data.

—x N 4 (P 4y
23c2

—xVP el P 4ty —x s V(xt2ay )

p=

252 257
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— X+ x+2xYy —-x—x—-2xy —2x-—2xy
p=my T or p= St =g
2x 2x 2x
, ' -1 3
ie., p= z or p= = —-i—
We have,
dy _y oo d_d oo dx .
dx x y x y X

ie., logy = logx+logc, where k = logee

ie., logy = tog(cx) > y-ex =90

d 1 —
Is LT
AQO’ m X et
< ;
This is a linear d.e of the form d% + Py = Q whose solution is,
. , | 1 -1
Y efpd“ = '[erpd" dx+c¢, where P= -, Q= -~
X X
Now EIde _ P‘[l/x - F[ng.\' -y
1 .
Hence, y-x = I—_-x"~xdx+c or xy=-x+c or xy+x—c¢ =10

Thus the general solutionis (y—ex) (xy+x-c) = 0.

@ Solee:p(p+uy) = Viar 1)

>> The given equation is, p2 +py-x(x+y) =140

—y VPt HAx (X +y)

2
_‘—yi \'4x2+4xy+L2 o -yE(2x+y)
p= 2 - 2
-2

fe., p=x or p= .._,_,,_(lé',ﬂ:‘fl =—-(y+x)
We have,

dy x>

i A - v - -

e XY 2+k or 2y-x"-c=0, where ¢ =2k
Also EZ-_ Y+ X i

’ dx - _(f i )
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dy

Ay ¥ = —xas alinear de ( Similar to the previous problem )

te.,

P__I}\Jl Q:__x;ejpdl':el’

Hence ye' = J.—vxexdxwtc
—

s~ (xev =)t integrating by parts.

ie.,

s
~
it

or r""(y +tx=1)-¢c =0

Y Nolves ll_fz p?’ 2y (3v+ 1)+ LI

>> 4;fp2—f2xy(3x+1)p+33'3 = (0, by data.

2w (Bra )V (Grt 1 4850
8;/2
L6203 V362" 42407 P 4 a8 0

81/2 B

-6y =2y V36 30 7 - 2427 P a7

8y’
L~ y-2wE (6 y - 2y) T
83/2

by _mx oty -3

/ 8‘1/2 2y P 8}/2 2y
We have,

dy _ -x —0 - . -

dx = 2y or xffx+2_1/a‘_1/ =0 = .fxd_x + _{2}/0‘}/ =k

x2 | ] )
ie., "2"*% =k or x*+2y-c=0, where 2k = ¢

dy -3

Also, T 2y

or 3x2dx+2;/d;/=0 o> I3x2d_r+ _[2ydy=c
i, x3+]/2=c or x3+y2—c:0

Thus the general solution is ( x% + 2y2 —c) (2 + yz ~c) =10
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dy dv v oy

10. solee: - -2
PR dy TR

1 1
»> With the notation p = f}/’ we have - =
dx p o dy

The given equation 1s,

. 2 Xy
ie., p —p(l-/—-;_leu(J

P= - 5
BN
RS S A A, ~y
p = "5 P = 1/ or
We have dy X vdy—-ydy =0 > I'h‘ ,AJ' iy =k
chave, ;= v or xYdyv-ydy = X ydy =
2 2
ie., 3;__}/2 =k or xzf_ljz—c =0, where ¢ = 2k
d - d - dx 1 d
Also, WY o Mo N R L
dx x i X y x

ie., logy+logx =k or log(xy) =logc > xy=C= 0

1.‘2ﬂ Equations solvable fory
We say that the given differential equation is solvable for y, if it is possible to express
1 in terms of x and p explicitly. The method of solving is illustrated stepwise.

> yv=f(x,p) (1)
o  We differentiate (1) w.r.t x to oblain

dy dp

dxu_p—F[x,y, dx] . (2)

Here it should be noted that there is no need to have the given equation solvable for y
in the explicit form (1)..
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By recognizing that the equation is solvable for Y, we can proceed to differentiate the
Same w.r.t x.

=  Wenotice that (2} is a d.e of first order in p and x. We solve the same to obtain the
solution in the form.

d(x,p,cy=0 . (3)

= By eliminating p from (1) and (3) we obtain the general solution of the given d.e
in the form G (x, ¥, c)=0.

Remark : Suppose we are unable to eliminate p from (1) and (3), we need to solve for xand y
fromt the same to obtain.

x=F(p,c) y=F(p,c)

which constitutes the solution of the given equation regarding p as a parameter. 65

[ ———

| 121] Equations solvable for

We say that the given equalion is solvable for x, if it is possible to express x in terms
of y and p. The method of solving is identical with that of the earlier one and the same
is as {ollows.

o x=f(y,p) (1)
< Differentiate w.r.t. ¥ to obtain

dx 1 : dp

2o @
S (2) being a d.e of first order in p and y the solution is of the form.

Oy, p,c)=0 - 3)

< By eliminating p from (1) and (3) we obtain the general solution of the given d.e
intheformG(x, vy, c) =0

Note : The content of the remark given in the previous article continue to hold good here also.
'!"’l :‘ Stngular Solation
Let us suppose that the general solution of the givend.e is

G(x,y,c)=0 (1)

Treating c as a parameter we differentiate (1) partially w.r.t ¢ to obtain
d e
3. 16(x, y,¢)=0 2

Eliminating the parameter ¢ from {1) and (2) we obtain a relation of the fonn
¢ (x, y) = 0and is known as the Singular solution of the given d.e.
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1.25| Geometrical significance of the singular solution

Let f(x,y, c) = 0 be the general solution of a differential equation of first order.
For each value of the arbitrary constant¢, f(x, y, ¢) = 0 represents a curve and
hence f(x, y, c) = Orepresentsa family of curves.

The Envelope of a family of curves is a curve which touches each member of the family.

If the family of curves f(x, y, ¢) = 0 possess an envelope, the equation of the
envelope is the singular solution of the d.e

WORKED PROBLEMS

X 2 ~
Solee:xp+x = 211/{;;

>> We present(ﬂIe solution of this equation in all the three methods. That s, solvable
for p, solvable for y and solvable for x.

Method-1 : We explore the option of solving for p. We consider the given equation
in the form.

xp2-2yp+x =0

) - oyt Vo -4y Ny -2
B 2x - X

. 2
We have, %{ =Y fj};{?

This being a homogeneous d.¢, we solve by putting y = vx. This gives,

dy do - .
I = VT and the equation becomes
do oxs 2o -
NI T8 CLECEE SN o Sy
dx X
d,-
ie., x E; = Vo? -1
2 d
or _%E’__: E:C = I-—ﬁ;’u I@C =k
-1 ¥ v -1 X

2
ie., log (v + Vol —-1)-logx =k or log [Uj—i’-*}] = log ¢

> v+ Vzlzwl =¢x, where v = y/x
Jz_xz A2 L2 2
ie., ¥ + v =cx, or y+Vy —x =cx

X
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. d - -
Alsoif ¥ - l/—m%—*—i-, we obtain ¥ do =~ Vo¥ -1
dx x dx
O

ie., log(rr+\iv2—l)+lo_gx:k

or 10g[(f:+\}z:2—1)x]=logc

= (.U+szz-1)x=c, where v = y/x
.22
ie., [%+-—fx—:-{-—:lx=c or y+\a‘y2~—xz =c

Thus the general solution is given by

(y+ VP - - ) (y+VP - -c)y=0

Method-2  We explore the option of solving for y
xp2+x:2y'p .. (1)

x(p+1)

2p
equation is solvable for y. We must prefer to use (1) itself for differentiating w.r.t x.
Hence we have,

Thatis, y = which is of the form y = f(x, p). We conclude that the

P21 o e Ay )
x-2pdx+1 p+1k2£ydx%dx pJ
. dp 2 4 dp > dy
fe., 2xpﬁ+p +1~2ydx+2p, since -~ = p
. dp 2
ie., 2dx(xp y)=p-1
. i
: dp| L _xpT A1) | o
ie., de{ifp 2 -1
2
- dpp-1) 2
®., Zxdx 2 =(p-1)
ie., Egﬂ:l or E‘E:@{ = _[@z_l-éxﬂ’c
p dx p X p X

ie., log p—logx =k or log(p/x)=1logc -» p=cx
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Now, we need to eliminate p from the relations,

xp2+x:2yp (1
and p = cx L (2)
Using (2) in (1) we have,

x Xty = 2y cx or x4l = 20

Thus A+l = 2yc is the general solution.
Method - 3 we explore the option of solving for x.

ch2+x = 2yp

That is x(p2+1)z2yp or xz-flfﬁl— which is of the form x = f(y, p)
Pt

We conclude that the equation is solvable for x. We use (1) itsell to differentiate
w.r.t y. Hence we have,

e A o dx
x-2p dy + dy poot dy = 1_!\]/ dy + 1lp
‘ dp 1 o 1 _ o nce p = Y e o B
ie., 2xp dy + . pr+ b= 2y dy +2p (Sznce po= e we have v = dy
- dp 1_,,%
ie., 2xp dy +p+ b - 2y dy +2p
- dp _ )
ie., Zdy(xp—y)_p—p
‘ dp [ 2yp pr-1
ie., 20— = p-y | ="
2 ' 2
- -1
Y. {pz_l_ P
Yip+1 P
ie., sz— dp = L
pe+1 dy p
2p dy 2p dy
or gy = = | St—dp- ) ==k
21y jp2+1’ ak

2
ie., log(ﬂ-;l} =logec = p2+1 = ¢y
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Now, we need to eliminte p from the relations
X p2 +x = 2yp
and p2 +1 = ¢y
From(2), p° = cy—1 and p=~Ncy-1
Hence (1) becomes,
x(ey-1)+4x = 23/\fcy—u1_
or cxy =2y Ney—1 or cx =2 ey -1

+4 = 4cy

2

Equivalently, ¢ x? = 4(cy~1) or ¢ S

Thus @2 +4 = 4cy is the general solution.

Remark : Observe the solution obtained by the three methods.

1. Solvable forp : v+ \i}f - = o and y + \’}/2 ~x?

2. Solvable for y : AP+ = 2cy

3. Solvable for x : Al = dcy

The solution structure in (2) and (3) are the same. Also in the case (1) we have,

(_1/~cx2)2 = }/2—9(2 and (\1/—()2 = _1/2—_1'2
ie., yz -2y eyt = y2 - and }/2 —-2cy + ¢
or - 2cy + =1 and At - 2cy
0., Axii = 2cy and P = 2cy

Y-

()

It 15 also evident that the solution structure in the case {1) is same compared to the cases (2)

and (3).
Note : Singular solution of the given equation.

We consider the general solution,

Al = 2cy

We differentiate partially w.r.t. ¢, treating c as a parameter. That is,

2ex® = 2y or ¢ = y/12
We need to eliminate ¢ from (1) and (2).

Using (2) in (1) we have,

¥ i1 :2-%-}/ ar
X

A1

. (2)
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or y2+x2:2y2 or }/2=x2 = y=1x

y = + x constitutes the singular solution of the given equation. Geometrically, we can say

that y = * x, the envelope, being a straight line passing through the origin, touches every

menber of the family of curves represented by X +1 = 20y

. 3 3
12, solie y-2pa = tan Lo
Y¥ooef !

>> Bydata,y = 2px + tan™’ (xpz) (1)
The equation is of the form vy = f(x, p), solvable for y.

Differentiating (1) w.r.t. x,

dp 1 g, 2
p-lp-2,5 X = a2 {1 2p g tp }
. dp 1 dp >
ie., —p—2xdx = 1+x2p4 {prdxw }
2
ie., - —J"'LZ‘E' =2x _@E "”*ﬁé—il+1
1+xp dx | 14 4% p
b, _p|lrXP |, dripriedy
1+x°p! J dx[ 1+ p!
— o dx o _,dp dx dp _
or —p—2xdx or . = Ix+2jp—k

., logx+2logp =k or log(xp‘?) =loge = xp2 =c
Consider vy = 2px + tal_rf1 ( xp2 ) (D)
and xpP=c or p-= Ne/x . (2)
Using (2) in (1) we have,

y = 2.\/c/dx~x+tarfl(c)

Thus y = 2 Vex + tan” T¢, is the general solution.
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3. Obtain the geucral solutior and the stgulies soadubion of the equation
2 4 '
g opT oy

>> The given equation is solvable for yonly.

y+px = p*ut : L)
Differentiating w.r.t x,
dp 1dp

a2 3
p+p+xdx 4p” x7 + 2px Iv

i,  2p—-4p°x = xg‘% (2px° - 1).

., . -—2p(2x3—1):x-£(2x371)

P dx * P
[ —_— ]{gg é‘; -g__g}z -— ,g,, 1 d7p s
e = dxorx 2p _D.'.x sz-k

ie., log x+logVp =k or log (xVp) = logc = xVp = ¢

Consider, y+px = p2 x* (1)
xVp =¢  or x2p=c or pzc/x2 . {2)

Using (2} in (1) we have, }/+(c/x2) X = (cz/x4) & or y+(c/s) = s

Thus ay+c = ¢ x isthe general solution.

Now, to obtain the singular solution, we differentiate this relation partially w.r.tc,
treating ¢ as a parameter.

Thatis, 1 = 2ex or ¢ = 1/2x.

The general solution now becomes,

wel 11
i o T g2t T T

Thus 42 y+1 = 0, 1s the singular solution.

bL Soloo. o ;JL B2vp oy = 0 by ebiaining Hie qencrel amd singudar solution.
>> The given equation is solvable for y only.
Cptiop-y =0 )

Differentiating w.r.t x,

2 34dp 4,5 9
4x“ p dx+2xp +2xdx+2p p=20
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d
I.()'; 2X‘d§[2Xp%+]l+p[21(p3+1]_:_0

Sy dp -y dp 1 pdx
or Z:xdx+pu 0 or N > J.P+2 -[x =k
ie., log (p V) = loge o pNxY =
Consider, x* p4 +2xp—y = LY
and p Vvx =¢ or p= cINY (2
Using {2) and (1) we have,

4

s l;—2'+2x- ,,?_,,__U = {

X N

1., ct42cVx =y is the general solution.

Thus by setting, ¢? = k, the general solution assumes the form

i +2Vkx = '}

Now differentiating partially w.r.t. k we have,

2k + 2 ¥x —
2k

] ' — —— )
te., ke\vik =0 or k=- vk or k =x/k or K o= x
Using k = i ! in the general solution we have,

(1‘1’/3 )2 +2 \/,?( ,‘(1"3 )1,‘2 =y

Ie., Xz/?’ +2,\‘2’I3 =y or 3.\‘2/3 =y = 273(2 = _!/3
Thus f' = 27x% is the singular solution.
=, "';I,'|r."{' 1, _:f-w:silf-‘ T
s ¥ = psinp+cosp oA
Differentiating w.r.t. x,
dp . dp . dp
p=pcospotsing joosnp
dp

ie., l=cosp . or cosp dp = dx > j cospdp = j dy +¢
2
e, sinp = x+¢ or x =sinp-c

Thus we can say that y = psinp+cosp and x = sinp— ¢ constitutes the general
solution of the given d.¢
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Note : SINp = xX+c.3p = sin‘](x+c).

We can as well substitute for p in (1) and present the solution in the form,

y= (x+c)sin_l(x+c)+cossin_1(x+c)

16. Solve: y = 3x+logyp

>> y = 3x+logp (1)
Differentiating w.r.t x,
_ 34l
p= 3,+p dx
dp dp dp |
o (p-3)p=- or T o B o [k
PO pip-3) Ip(p—?r) J
1 -1 1 1 1
But ST U= 5t o 42— by partial fractions.
p(p=3)" 3 pap.y VP
d -3
. f L 5 log E™2 1 and hence we have
p(p=3) p
1 p-3 (Ip~3
slogi Bl =x+k or logl 2| = 3x+3k
3 g[ v } U J
Hence, 7 ;3 = PV oy 1—;}— = ce™ where ¢ = oF
ie., 1-ce™ = 3 or p = 33
4 1—ce?

Thus by using this value of p in (1) we obtain the general solution

3
y=3x+log | ———F
1-ce™
Note : We can also notice that the given equation is solvable for x and alternative form of
solution is as follows.

y = 3x+logp 1)
Differentiating w.r.t y

_o 1 1dp 3y _dp
1=3-—+ or [l-pJp—d

popdy y
, dp dp dp
. —3 =4 sy s [ [ ayek
ie., p—-o d‘l_/ or P%3 ty > Jp_3 j i+
v, log (p-3) = y+k or p-3="" or p=3+1c’ where & = ¢
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Using this value of p in (1) we obtain the general solution.

y = 3x+log(3+ce)

17. Solve: p2 + 4 p-12 'y = 0. Obtain the singular solution also.

>> The given equation is solvable for iy only. ) 0
2 5 4 &
pr+a p-12207y =0 o
' Ry
ie., y=F P = fix,
‘ 2t

Differentiating (1) w.r.t x,

3P o0t 105t p sy =
dex+4x' dx+2m p—12x" p—48x7y = 0
: 5, dp 4 3

ie., (2p+4x7) d—£+(8x p—48x"y) =0

d.
2., (2p+ 45 ) Py gy (xp—6y) =10

dx

. dp 1 rax’p |

le., (2p+4x5) j;—+8x3 xp— 'U 21_4 Fi-o
dp

ie., (2p+dx) °

e =
dx+x[21 p-p —dxpl=0

ie., (2p+41 ) f (7 P 2 oy p) =0

or - (p+21)d \}:(}1+2\)

. dp _2p _ dp _dx o Lpdp_ qdx
ie., Iy x—O or 2w x = ij—jx-ik
fe., log\p —logx =k or log( Vp/xy =loge o> Np/x o= ¢

o 2.2
Wehavevp/x = ¢ or p =X
- 02
Using p = ¢ x° in(l) we have,

Axtra d -1 y=20 or Hrac’ = 12y

Thus by setting ¢ = k, the general solution is K+ 4l = 12y

Further, differentiatig partially w.r.t. k we have,

2k+4)c3 =0 or k= #21‘3

ns
¥
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Using k = -2 in the general solution we have,

208 =12y or -~ =12y o 3y +2° = 0

18. ()bram the general solution and the singular solution of the equation
« p +22° py—4 = 0

>> The given equation is solvable for y only.
¥t py -4 = 0 (D)
Differenliating w.r.t. x,

dp

2 3,dp
dx + 40 p +2x p O py + 217y gy - (}

2% P

ie,, ij’\gi (xp+y) + (61‘3p2+6x2py) -

d .
e, 2x° df (xp+y)+ 6,1-2p (xp+y) =0 "\\
or 2‘%;‘}]4‘67(}) 0 or 1j}+3})—0
. dp A dp dx dp dx
e, de’ =-3p or PV = -3 . > J. J =
fe., logp+3logx =k or }og(px3) =loge 5 p¥ =
Using p = c/x'% in (1) we have,
1 C 3 C C2
X 6 +2x7y- " -4 =0 or "'"2‘+2(‘_1/—4 =
X X x
Thus & +2cx? y = 4% is the general solution.
Now differentiating, partially w.rt ¢ we have, 2¢ + 2y? y=0 or ¢=-4 ¥

Hence the general solution becomes

{1 2 4 2 : 2
o yo =20t v 4 or - _1/2 = 4y~
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19. Obtain the general solution of the equation xpt 72yp3+ 12 =

show that 8 x> = 3 y2 is the singular solution.
>> The given equation is solvable for y only.
Jc,u“L - 21/;)3 +12° = 0
ie., y = p +12x**f(r,p
2’
Differentiating (1) w.r.t. x,

d .

4xp3 g§+p4—6yp2 32*2 ;_74 +36x° = 0
e, 2p ;I't (2rp ~3yp) = p - 36x°
: dp w +12\ l
ie., 2p 5 2\p —3p-

! dx i 2}73 J
ie., ZP% 2xp2~§(w vl )jt 4 — 36x"
4 dp | xp’ = 36x° ‘ A e
ie., 2p v sz | = p - 36x°

4 2

’ X(p z36x7) dp 26 2
we., p dl’ - ( "61 )

xdp _ dp _dx dp _ jdx _
or pdx“] or b x o> j‘p I

e, logp-logx =loge or log(p/x) = logc

Using p = cxin (1) we have,

21/cx+1” 20 or c4x2—2}/53+12:0

Thus the general solution is A2 = 2y53

Now, differentiating partially w.r.t ¢ we have,
4’ 2% = 60 y or = 31//2x

Using ¢ = 3y/ 2+ in the gencral solution we have
81" w8

. i VA RATAR {
81( 16 x°

+12 =
16 x°

_ w7y

O and hence
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—

e, 81yt 419220 = 108" or 1924° = 27} or 6a® = 9y
ie., 6418 = 9}/4 > Vedx® = \‘9}/4 or 8x% = 3.1/2

Thus the singular solution is 8x° = 3y°.

“éo. Solve: y = sz_i_pz y GL(mO

>> The given equation is solvable‘f:(r):r—-;_)_or ¥ or x. Bul things get complicated in the

first two cases and we proceed to obtain the solution of the equation as solvable for x.
Y= 2px+p2‘t/ 1

That is, y—pz ¥y =2px or x-= y(l_z;pz) =f(y, p)

Differentiating (1) w.r.t. y

D D e B
1 = 2ng p +2x dy +pT 4+ 2p Ay i
e —(1+;J2):jgp(x'+;)y)
- 2
o - 2y _odp y(1-p7)
Ie., (1+p)—2dy[ 2 + py
2 7
o _ 2y 2o, 1op v 2y
te., (1+p™) =2y d}/{ 2
. 2, ydp 2
., -(1+ === (14+p
(L) = D (1)
d d
ie., -1= v dp or dP+El—li =0 = J 't-)+ J"j =k
p dy Py p y

ie., log (py) =4k or log(py)=logec = py = ¢
Using p = ¢/r in (1) we have,

1/-—-*2'C-x+‘(i-1/ or 1/:%@+€_2

Y v ; VoY
Thus 17 = 2ex+¢* isthe general solution.

Note : Singular Solution
Differentiating 3/2 = 2cx +¢? partially w.rt ¢ weobtain 2v+2c = 0 or ¢ = —x

: 2
Hence the general solution becomes, yz = 2%+ x

Thus 2%+ yz = 0 is the singular solution.
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21. Obtain the general and singular solution of the equation yz logy = xpy + pz

>> The given equation is solvable for x only.

P logy = wpy+p° (Y
2
. _1/2 logy—p
ie., x = oG e =f(y,
- fly, p)
Differentiating (1) w.r.t v,
1 . o 1 dp dp
‘1/2 v +2ylogy = xp+py- » +xy dy +2p dy
d dy
0., y+2ylogy = xp+y+ay dfjr +2p df;

2., 2ylog y —xp = 3’5 (xy+2p)

Vlogy—p® _dp

2 2 '
ie., 2ylog y—~ vy logy=p +2p L

y dy p |
- (vPlogy+p’) _dp (v logy+p”)
1., 1/ s dl/ p
e, L_ldp oAy A Igfy_ - joﬂmk
y pdy voop y p

ie., logy = logp+loge or logy=log(ep) = y=qp or p=yx
Using p = y/cin (1) we have,

2

IV ' Cx 1
1/2 IOg ¥y o= x- C Y 4 C? Qor 1()8 ¥ = C + Cz
Thus the general solution is Flogy = cx+1

Now differentiating partially w.r.t ¢ we have,

he
2clogy = x or ¢ - 2 log v
[1ence the general solution becomes,
2 X
s ogy = o X+l
1(logy )2 5! 2logy
x X

. S 2 5.2
410gy—210gy+1 or x 2x" +4logy

Thus ¥* +4 logy = 0 is the singular solution.
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22. Solee :p3 - ;lxyp+ Syz =0 M
>> The given equation is solvable for x only.
p3 —dxyp.+ 81/2 = {}

p i—8|f

4 yp - f( ., P)
Differentiating (1) w.r.t. y,
3pj dp — 4xy dp 41,fp —dpx + 16y =
dy dy :
ie., (3;7 —dxy) = 4px - 12y
o dp 3}12 p + 81/2 p + 81/ 12y
dy | p Y ‘
.ol es | ay
1o dy I P oy
. 2.dp ( p —141/ )
e, p dy (p 41/ }o- y
e 2d 1y
pdy y Py
iw., 2logp =logy+loge or
Using p = \'?Vin (1) we have,

cy Ney — dxy ey + 8y =

Dividing throughout by yvy = y** we have,

eve —d4x\e + 8y = 0

ie,  Ne(c-4dx) = -8y

Thus the general solution is ¢ (¢~ 4x )2 = 644

23. Solve: y = 2px+y2 p3

>> The given equation is solvabale for x only.

Yy o= 2px+ 1/2 p3

‘ 1-
i, = UAS 2;”]) =y, p)

log (;.12) = log (cy)

)

j dp ,[ dt/ ok

> pz = ¢y or p = ey

.. (1)
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Differentiating (1) w.r.t y,

o, Loodp a2 2dp L3
1= ?.;J-Pr+2d-]—/-x+g‘|/2p -ai/+2yp
- _ 3. dp Ny 2 02
fe., (1+2yp7) = dy(‘_x+3y )
) 3
: _ 3y dp | y(l-w) 42 0
ie., (1+2yp7) = dy | - +3yp
2.3
: _ 3y dp YTy
ie., (14+2yp’) = dy{_ p l
‘%
- _ 3, _ dp y(l+2yp)
ie., (14+2yp") = dy ,
e 1=V o A e j@+j@:k
p oy U y ol

ie., logy+logp = loge or log(yp) =logec > yp=c or p= /Y
Using p = ¢/yin (1) we have

c c X
}/—Zj/-x+1/2y3 or y~2}-j-+y

Thus the general solution is y2 = 2ex 4+ ¢
P
24. Solve: p = tan| 31 - 5
1+p

>> The give equation in the equivalent form is,

O R Ao

an” 'p = x -3
1+p

or x:tan"1p+- P~2 (1)
T+p

Differentiating (1) w.r.t. v,

1_ 1 _dp, 1-p dp
S (1+p2y* dy

2
]
Pooaspt W 14y
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; 1 dp 2
., ) .
pody (14 P.). )7
, 2pd ‘ 2pdp
e, tf_!/ P 'U : _“ dl/ P L.f 4 b
( 1+ p ( 1T+p™y
, 2pdy
ie., y - PL?}JQ ic
(Eap™)
Using  (1+ _p"’) = 1, wehave 2pdp o du
i I/ J. i”+ ) ! } - t
[ o +C ar i C or Yo +C
i’ " 1+ p?‘
Thus ¢y + , = ¢ & x =tan lp + P , Tepresents the general solution
1+p 1+p
liw Chatraut’s fgquation
The equation of the form
I = P’\.-}.j.( P ) [ (I)

is known as Clairaut’s equation.

This being in the form y = I (x, 1), that is solvable for iy, we differentiate (1) w.rt x

iy - dp dp
dv TP P gy AR i
o 0= T
—_— _ dp ”
T'his implies that N 0 and hence p = ¢ -
g .

Using p = ¢in (1) we obtain the general solution of clairaut’s equation in the form
y =t f(c) .2)
Note :

Lo The general solution of claivaut’s equation s obtained by simply replacing p by c.

2. The selution can be writien mstantly when the equation is in clafrant’s form or when the
eguation Is put into the clairaut’s forni.
3. We can also obtain the singudar solution.
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WORKED TROGLLMS

o B 1)
25, Slee oy s s
FJ
>> The given equation is Clairaut’s equation of the form v - px +f(p), whose
general solutionis y == ey 4 F{c)
Thus the general solution is iy = 3+

Note : Singular solution
Differentiating partially w.r.t ¢ we e,

a i S5 n

0=x- ., or , X o O >y
o ¢ - *

Henee  y - cx 4 ( asc ) becomes,
Y o= Na/x X baNXan or Yy = 2Nax

Thus y2 = 4ax is the singular solution.

26, Obtain the yeneral D spagedas soluiion of Hic egretion o e g
> p o= log (px - v), byvdala.
or el = py—y or Yy = pro-a
Since i = px—¢ ! is m the form of Clairaut’s cquation i = px ot f{p ), the general
solutionis iy = e +f(c).
Thus the general solutionis y = cx - o
Now differentiating partially w.rtc we have,
0= x—¢ or ¢ =X > ¢ - logy

Thus the singular solution is y = xlogx —x.

27, Solve:(p+ 1 v ey

>> Wehave, y-—px - or oy - pxt

(p+ 1 )LZ
This cquation being in the form of Clairaul’s equation y = px+ f(p}, the general
solutionisy = cx t+ {(¢)

(4L-*+1)2
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SR Hain the cgnation v i T N N R TINT a Cottadion.

[-’,--!( rursr‘mi ffJ\.-n RTINS L PR N i Y
A L SR F AR Y EANAT I Y A PR AL T O SRR FYIY SRR TSRO

> ,\'pj Fpy--py ol —y - 0, by data

iw., 1‘;:2 tpy+ T =y (pi1)
o,y P
. 41
) s P4
or I o= px P (1)

{1} is in the Clairaut’s form ¥ = px tf(p) whose general solution is Vooex )

Thus the general solution is ¥ =cx+ 1
c+

Now dil’ferenlialing partially w.rt ¢ we have,

1 1 1 1
O =x- C, or (c+1)2: > (ctlty= . or ¢ = .-}
(c+1) X RS XY
Hence the general solution becomes
1 .
- f =~ 1 ]1 X
‘ L VY
e, YooNX X ANY or xiy - 24

Thus the singular solution is (x + v )2 =4dx

Remark : We can also obtain solution in the method Solvatile for y.

v o i f ! BRI 5f'f! i o i ':’:f‘ o wd tibed
>> X p2 -pytkp+a =0, bv data
Ie., X pz+kp +a = py
: ww+k)+a a
., y = Py ) or o= oaprk4o

' p ' P

_ { ad
i, yospxay ke (D

.o
Here (1) is in the Clairaut’s form Yy = px+f(p) whose general solution is
y=exsf(c)
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Thus the general solutionisy = cx+ [k + j J

Now differentiating partially w.rlc we have,

a i 2 a oo
0=x-- or S =X or P Y Y
c ¢ 2

Hence the general solution becomes,
e - ——
yo=Nasx x tk+avNy/a  or  y—k = 2Nax
Thus the singular solution is (1.~ k) = dax

Remark : We can also obtain the solution in the method : Solvable for y.

30, Obtain the general solution and the stngular solition of tie following equation

: , , K 2.
as Claivaut's cqralion : xp” —wp +1 =0

>> X p3 -y ,U2 +1 = 0 bvdata.

_ 2 k. X ;13 +1
ie., yp-=xp +1 or y=-", -
P
: L i r f : L
., y = px+ . isinthe Clairauts formy = px+f(p) whose general solution is
I
y=cx+f(c)
. I 1
Thus the general solutionis y = cx+
c

Now, differentiating partially w.r.t, ¢ we have,

T SRS SR £ A
=X or = > (7L-"J

73 273 2,73

2 {xh 1/ X

y = [\ X+ { or y = PR T R
\ :
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_ 2/ 3y

Equivalently, (2“/3 v )3 = (33’2’3)‘% or 4_1/3 = 27%°
Thus the singular solution is 43/3 = 27x°

3L soloe the cineation (py =y ipytxy = 20 by vediicting into Claitant's form,

s

taking the substitutions N = "y = iy

R b

> X = x > de 2x
Y = _1/?' > Z}; = 2y
Now, p = il/ = j;/ j;( i,)f and lei P = j:(
i, po= 211/ P-2% or p o= ; P
., p o= :{iél’

Consider (px~y) (py+x) = 2p

R B U R

e == PyX —NY ' ---,\71 VY X ‘ =2 W i

PX -y o X
or ( ) (P+1)vX =2 =p

VY ' v
. . L o2p
., (I’X—‘-‘r_')(P-|~]):2P' or  PX-Y ~ P
. r o ,
ie., Y = PX - pLq sin the Clairaut’s form and hence the associated general
+

solution s

, 2c 0o X

Y o= CX—C+1 or ¥ = X 1
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. BEY AT o N ,
T Spioe s e e b '!u o iy My saeosislidbrens o
o x . Wit Iy
> o= ¢ 3 2
dx
2 do 2
& ¢ > 20 /
Lf]/
dy  dy do du do
Now, p= ; - i : andlet P =
dv  dv du dx dii
, 1 N 1
., p = - P2¢r’2' or  p = P
- —ll,' 31
2 e
- . 4y Jy 2
Consider ¢ (p-1) 1 p 0
2w : Tl
e, W Pe1 ke P70
k o | R
-
_ s (uP—-v) u” p?
ie., e e et = () .
7 o
oF wP—v+ P =0
ie., o = Pu+ P isin the Clairaut’s form and hence the associa ted general solution
2 2 AN 2
A T S or ¥ =cette
- . . . f . 21 PAY 2
Thus the required general solution of the given equationis ¢ Y=ce +¢
S bged il o e b e cganiion v 0L : !

R T N A RPN R R LU P LT s ik

>> This problem is similar to Problem-31. Proceeding on the same lines we have

; 1Y

P :é P, where P = :iX the given equalion ,\’2(‘1/ —px) = p?‘ Iy becomes,
N L) X —
X'vyfﬁévwx;r PEAY

\ .

Y
A
_ Y - PX XpP°
1., X(' s ) = s or Y -PX = p?
VY VY
ie., Y = PX 4 P’ is in the Clairaut’s form.

. . s 2
The associatead gencral solutionis Y = ¢X+ ¢

Thus the required general solution of the given equation is y2 = cxt v

-
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Now differentiatmy w.r.t ¢ partially we have,
2 3
0 X422 or ¢~ -x/2
Hence the general solution becomes,

i 5 E4 or 4y A

Thus the required singular solution is 1% + 4512 =0

ur ¥oropy e Ndp Y

This equation being in the Clairaul’s form, Voo pak £(p) has the general solution

Y f(r)

Thus the required general solution is ¥ = ex+ it + 9

35 salee i CON I CORP « sty ~ 171003

BROp o oCos Y eos pyotbosinysinpy, by data,

. ) o ] B i
e, ) Cos (i - pr) 03} (oL I A A

i, Yoo Pt cos lp 15 11 the Clairaut’s form vy = Ff(p) whose general
solutionts v vt f(c)

yv . F . . _]
Phus the required general solution is ¥y =cx+cos ¢

EXEROTSES

Solve the following equations

dy ] dy
L (rh} [ Lﬁ oL

y dU\l ] (fwlj I 2
2.0x “ dv | by i gy | 61 0

3. p? 3y ..Ixi/‘j’ -1

4. vy p? + 3 - 2_1,'2 Jp-o6xyp =0
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5 y+px = ;,)2 +*: Find the singular solution also.
6. Y+ p2 = 2px.
7. .‘cp2 —2yp +ax = 0; Find the singular solution also.
8 y=3px+ 6p2 _1/2,' Find the singular solution also.
9. (y—px)y(p-1)=p

10. y = px+(27p)

11. p+cosy sinpxy - siny Cospx

12. Solve: o (p—1)+ p'} o= 0 by using the substitution 1t - e, 0 s e

ISR ERS
1 (y-2x—c){y-3x-c) =140

2. (g/—c.?(z)(.?cgy—c):{)

3. (x_l/—c)(xzyffc):()

4 (y~ ex* ) (_1;'2 i3t )y o= 0

5. ayt¢ = Sy s y+1 =0

.
2 ¢ Sy,
b x = gPJr 5 and vy = P;,- + j
i P 2
7. 2(1] - 62 _‘{—2 + 1 ; .[/ e (]\’2

8. _1/3 = 36x+6('2 ; 3,\'2+ 8‘:/3 =0

2
10. ¥y = cxt

11,y = cx+sin Le

12, ¢ =t
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Applications of Differential Equations of First Order

We are familiar with an application of differential equation of first order in the form
of Orthogonal Trajectories.

We present a few illustrative problems on Application to Electric Circuits.
A governing first order differential equation by Kirchhoff's law is given by
di .
L d_f +Ri = E
where L is the inductance, R is the resistance and F is the electromotive force.
ILLUSTRATIVE PROBLEMS

LA coustant electromotive force F volts is applied to a circuit containing a
constantresistance R olms in series and a constant inductance L henries. If the initial
current is zero, find the curvent in the circuit at any Hme t,

>> We have the governing differential equation,

di . di R. E
Ld—t-I-RI:E or d—t-}"L—lfL (1)
This is a linear d.e of the form Z—z+Py = {J whose solution is

ye_[dezj QBJ.de dx + ¢

Hence the solution of (1) is given by,

, E
i oRVL I . RVL gy,
RE/L
, . REL E e
. 1¢e = T +
ie L (RVL) c
ie. feRVL B ret
R
E -
or i:—§+ce Ri/L . 2)
Using the initial condition, i = 0 when ¢ = 0, (2) becomes,
= £+c rc=-~3
TR ETTR

Using this value of ¢ in (2), we obtain the current in the circuit at any time ¢,

i= “E [l—e‘Rt/L]
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2. Avoltage Ee W is applied at t = 0 fo a circuit containing inductance L and
resistance R. Deterine Hie current at any tine b

>> We have the governing differential equation,

di .
Ldt+R1—E D
N dI P — qaf
Using the data,La+R1 = Ee
. di R. E _4
1€., dt+z1 = I

The solution of this linear equation is

. E _
G RUL j‘ Te at RU/L g\ o

: . risr_ E (R/L-a)t
ie., ie =7 I € dt+c¢
R/L -
ie. ieRt/LzEfL———a—)—t+c
‘ L (R/L-a)
ie., JRVL B (RiL-ayt
R-aL

ES™  _ret

or 1 = +ce
R—alL )

Using the initial condition, i =0 when =020,
+c or ¢=— £
R—alL " R-al
Using this value of ¢ in (2), we obtain the current at any time £.

0=

E (& 4t= o RVLYy,

e e e - - — — e M e m = e mom o e e e e m mm o == === =S =S

. : . i - .
3. The current i amperes at any time tis given by L - o+ Ri = E, when a resistance

dt
R olims is connected in sevies with an inductance L henries and eamf of E volls.
If E = 10sin tvolts and i = Qwhen t =0, find i as a function of t.

di

dt+Ri = 10 sint, using the data .

. di R. 10 .
ie., dt+Ll—Tsmt D

>> Wehave L
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The solution of this linear equation is,

. 10
RV _[ T sin t R0 gg 4. ¢

. . 10
ie., iR o 2 I L sin t dt+¢
L
gat
Usmgje"tsmbtdt: 2, 2 (asinbt-bcosbt) wehave,
a+
Rt/L
. 10 R
zeRt/szﬂJgT —s8int—cost |+¢
(R/LY+1 | L
. . 10
., IeRt/LzﬁeRt/L (Rsint-Lcost)+c
R+ L
, 10 . -
or zzﬁ(Rsmt—Lcost)+ceRt/L (2
R°+L

Using the initial condition, i = 0 when f = 0 we have,

- 10L 105
0=2_'“‘2—+C or CC—2—~—2
R+ L R°+L

Using this value of ¢ in (2) we obtain i as a function of ¢.

. 1 ] -
i= —02— {Rsmt~—Lc03t+Le Rt”‘}
L

1. The differential equation for tHie current i in an clectvic civenit containing an
tnductance L and a vesistance R in series and acted o by an eletromotive force

!
- g . i , - -
£ sin w0t satisfies the equation L ot Ri = Esmowot. Find the value of current af any
I
time t, if initially there is no current in the circiil.

>> The given equation is put in the form,

The solution of this linear equation is

) E

zeRt/L = I EsmwteRt/Ldt+c
) ) E )
., zeRf/L = T J. eRf/L sin wt dt + ¢



36 DIFFERENTIAL EQUATIONS - 1

Note : We can proceed as in the previous problem and obtain the solution. We can also obtain
the solution using the following alternative formula for the integral of ¢ sin bt.

at
We have.[ ¢ sin bt dt = 5—=> sin (bt —tan” ' b/a)
a-+b
res. _ E eRH/E 1
ie = = sin[wt~tan” " (wL/R)}]+¢
L NRY/L? + w?
L EeRt/L |
ie., Rl = ——Z—-T?sin[wt—tan_ (wL /R)|+c¢
Ro+w L

Putting ¢ = tan” 1 (wL /R ) we have,

SR in(wt—(p)+ce_m/[‘ L@

i = S
VR + w’ [*
Using the initial condition, i = 0 when t = 0, wehave

oo E i _
0 :____Es;n( ;p;ﬁ—c or ¢ -_____(p__zsmz >
VR +w" L R +w°L

Using this value of ¢ in (2) we have,

i= S S [sin(wt—(p)+sin(pe_Rt/L], where ¢ = tan_l(wL/R)
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@@(ﬁ Unit - II

Differential Equations -2

21| Introduction

We have discussed several methods for solving an ordinary differential equation of
first order and first degree. In this chapter we discuss the method of solving differential
equations (D.E) of second and higher orders but in first degree only.

The solution of a D.E of first order and first degree is arrived with direct involvement
of integration, whereas integration is not directly involved in practical problems while
arriving at the solution of a higher order equation. Here the complete solution is
obtained by the application of several rules which are being established.

We notice that the solution of a first order and first degree equation is mostly in the
implicitform f(x, y) = c.In the case of higher order equations the solution is always
in the explicit form y = f(x)

In this unit we discuss the method of solving higher order differential equations
involving derivatives with constant coefficients & solution of simultaneous differential
equations of first order.

2.2} Linear differential equation of second and higher order
with constant coefficients

Basically a D.E is said to be linear if the dependent variable and its derivatives are of
first degree.

A D.E of the form,

an an- 1 d
ny+al n_1y+---+a”_1a-z+any=¢(x)
dx dx x
where a,, a,, ---a  are all constants is called a linear differential equation of n™ order

with constant coefficients.
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Using the familiar notation of differential operators

d o, 4’ 4 dr
-, DF=—, .. .D'=—
dx dx? dx"

the differential equation can be put in the form,
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D=

[D"+a D" '+---va _ D+a,ly = 6(x)

ie., f(DYy=0(x) D)
If p(x) = 0 theequation f(D)y = 0 is called a homogeneous equation.

If $(x)#0 then the equation (1) is called a non-homogeneous equation.

@ Solution of homogeneous linear differential equation

In order to quickly grasp the conceptual content of the method of solving a
homogeneous linear differential equation, the method is illustrated by taking a typical
second order equation as the same can be conveniently extended for equations of order
more than two.

Consider the equation in the form

d’y - d
Egi+a1gg+a2y=0 a,, a, are constants. (b
ie., (D*+a,D+a,)y =0 or f(D)y=0 o (2)

2
where f(D) = D"+a,D+a,

Firstly we are going to establish the following fundamental property :

If y, and y, are two linearly independent sclutions (one cannot be expressed in terns
of the other) of (2) then ¢, y; +¢, ¥, is also a solution of (2) where ¢; and ¢, are
arbitrary constants.

Since y, and y, are solutions of (2) we have,

f(D)y, =0 and f(D)y, = 0.

f(D)[c1y1+c2y2] =c1f(D)y1+c2f(D)y2 =C1-0+62-0=0
Thus f(D)|e, v, +c, 9,1 = 0 implies that ¢, y; +c, 4, is a solution of (2)

Since the general solution of a second order differential equation has to contain two
arbitrary constants ¢, ¥, +¢, Y, is the general solution of (2}

Denoting y. = ¢,y t¢, 4, we have, f(D)y, =10
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Y, is called as the Complimentary Function (C.F) and it is the solution of the
homogeneous D.E (1).

Solution of non-homogeneous linear differential equation
Let us consider f(D)y = ¢ (x) Y]

Also let y = yp(x) be a particular solution (without the involvement of arbitrary
constants) of (1). Hence we must have,

f(D)y, = 0(x)

Now f(D)[yC+yp]=f(D)?/C+f(D)yp
=0+¢(x) =0(x)
ie., f(D)[yC+yp]=¢(x)
= Y=y o+, - @)

Thus y as given by (2) is also a solution of (1) and is called the general solution or
complete solution of the given non-homogeneous equation.

The particular solution Y, is also called as the Particular Integral (P.I)

Remark : The general solution of a non-homogeneous equation consists of two parts namely
the complimentary function and the particular imtegral. The general solution is of the form
y=C-F+P-T or y = Yo+, Obuviously if ¢ (x) = 0, the complimentary function

itself is the general solution.

12.23| Method of finding the complimentary function

Consider a second order homogeneous d.e

d? d

ﬁ*“lﬁ%+“2y=0 (D)
ie., (D’+a,D+a,)y =0 or f(D)y =0 )
Taking y = ¢™ wehave Dy = me™, D%y = m? ™

Hence (2) becomes, (m* + agm+ay)e™ =0

= m2+a1m+a2:0.

This being a quadratic in m will have two roots which can be,

(i} real and distinct (ii) real and coincident (iii) complex
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Case (i) Suppose the roots are my and m,, m; #m, then y = €™ * and
y = ¢™7 are the two independent solutions of (1).
Hence by the fundamental property

y=c €M+ et .. (3)
Thus (3) is the general solution of (1).
Note: (1) The equation m” + aym+a, = 0is f(m) =0 andis called the

Auxilary Equation (A.E)
(2) If my, m,, my - m are the nreal and mutually distinct roots of the

A.E associated with an n'"* order equation then the general solution is given by
y=c et 4 et 4ty M
Case (ii) Suppose the roots of the AE are real and coincident.

ie., m =m2=m(say).Thenf(D)y=0isoftheform

1
(D—m)zy =0 e, (D-m)(D-m)y=20
Let ( D ~m )y =t then this equation becomes (D -m)t = 0

] dt mt =0 or dt mt
ie., - — = — =m

dx dx

dt dt .

v mdy = jT = jm dx + ¢, o is aconstant.
ie., logt=mx+a = t=¢"" "= ™ or b= ke™

where k = ¢% is a constant.
Further t = (D-m)y = ke™*

cd :
ie., -ii —my = k™ which is a linear equationin y of the form j—i + Py =0

where P =-m, Q = k™ and the solution is given by
yEIde _ J‘Qefpdx dvetc

ie., ye Y= J.k e em ™ dx + ¢

—mx

ie., ye kx+c or y=(kx+c)e™

Thus we can say that the general solution of (1) in the case of real and coincident roots
or repeated real roots is

y = (e, +c,x)e" ... {4)
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Note: If m, = m, = my = .-m = m be the roots of the A.E associated with an n™
order equation then y = (¢;+¢, x +c, P ¢, x" “1ye™ s the general solution.

Case (iii) Suppose the roots of the A.E are complex which always occur in pairs say
ptiq. Then the general solution of the d.e in the basic form is

y=aelPTIX 4 g p-ig)x analogous to case (i) where a4 and b are arbitrary
constants. This form can be simplified further.

le., y=e a1 pe 1Y)
ie., =epx[a(cosqx+isinqx)+b(cosqx—isinqx)]
:epx[(a+b)cosqx+i(au~b)sinqx]
y=epx(clcosqx+cl’sinqx) N G))
where ¢; =(a+b), ¢;" =i(a-b) arearbitrary constants.
However if the root pair is purely imaginary,
ie., tig (p = 0) then y = ¢, cosgx+c,singx

Note: If the complex root pair p *iq is repeated n times (the d.e is of order 2n) then the
general solution is given by

y = e”x[(c1+c2x+c3x2+---+cnx”_1)cosqx

+ (cl’+t:2'x+r:3’x2+-+cn'x"_1)sinqx]

Observe the following illustrative table for writing the complimentary function based on the
roots of the auxilary equation,

Roots of the A.E. Complimentary function ( y.)

1. | 2,3 o Pran , -[_13} B - __;
.2- : 1, -1, 2, -2” iClex+f2(’—)‘J.rC3€2"7+7L'47”(’W2x -
3 33 (1.‘1+r:2x)r'3Jt

4. .0,-2,-2, -2 ClPOJ'A+(('2+C3J:+C4X2)P‘2I

5 42 - ¢, €os 2x + ¢, sin 2x

6. 3+ Lk (¢, cos2x + ¢, sin2x)

701, 1, 144 (¢ -rwf,jzaf)e"+{.’*'(c3cosx+c4sin:§)

8. 1%2i 122 t’x{(clﬁ—czx) cos2x+(c3+c4x)sin2x}
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Further we can as well write down the D.E based on the roots of A.E. With reference to the roots
in the illustrative table, the associated D.Es are as follows :

1.

e AN S o

(D=2)(D-3)y =0 or (D°-5D+6)y =0

(D=1) (D+1) (D-2) (D+2)y = 0 or (D*-5D*+4)y = 0

(D-3Y2 =0o0r (D°-6D+9)y =0

D(D+2Yy =0

(D—-2i) (D+2i)y =0 or (D?+4)y = 0

(D=3-2i) (D-3+2i)y =0 or (D-3)*+4=0o0r (D"-6D+13)y =0
(D-1Y (D=1-i) (D-1+i)y =0 or (D=1 [(D-1)"+1]y =0
or (D=1 (D*-2D+2)y = 0

[(D-1-2i) (D-1+2i)Py=0 or [(D-1Y+4%y =0

or (D*-2D+5Y y =0

Working procedure for problems to solve a homogeneous differential
equation with constant coefficients

>
=)

>

The given d.e is put in the form f(D}y = 0

Form the AE f(m) = 0 and solve the same (Here we need to adopt various
techniques to solve the equation including the synthetic division method.)

Based on the nature of the roots of the A.E we write the C.F which itself is the
general solution of the d.e taking into account the dependent and the independent
variables involved in the d.e.

WORKED PROBLEMS

d? i i
1. Solve: 1, E—-Tyﬂ- 4 ‘»3— 8y =10

>

2 dx

dx dy

We have (D3—2D2+4D—8)y = 0 where D = %

AEis m -2m*+4dm-8 =10

(In the case of a cubic equation we first look out for a possible factorization)

fe.,

e,

mi(m-2)+4(m-2) =0
(m—=2) (mP+4)=0 = m=2 m=\"4 = N4 = 2

Rootsof the AEare 2, £2i

Thus y=¢ &+ c, €052x + ¢y 5in2x is the general solution.
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19 1% T
3
2. Solve: £ ,: ?l +11 ‘—J+ oy = )
- i ITAY

>> Wehave (D*+6D>+11D+6)y = 0

AEis m*+6m* +11m+6 = 0 (This cannot be factorized)

We shall find one root by inspection by taking values for m = 1, -1, 2, =2 etc.
Since all the terms are positive we have to try only negative values for . Putting
m =~1 we have

(=1 +6(-1)+11(=1)+6 = -146-1146 = 0
m = —1 isaroot. The other roots can be found through the process of
synthetic division.

-1 (1— 6 11 6 - all the coefficients are written.
0

-1 -5 -6 — zerotobe written below the first coefficient & added.

f 1 5 6 0 | - resultant to be multiplied with ~ 1 and added.

Since the last figure is zero we respectively attach m°, m to the first two
coefficients. That is, M2+ 5m+6 = 0.

Solving: (m+2)(m+3)=0 .. m=-2, -3

Hence m = ~1, —2, —3 are the roots of the A.E which are all real and distinct.
Thus y=c ¢ “+c ¢ X+ e 3* is the general solution.

3. Solve: (PP=3D+2)y = 0

>>  AEis m°-3m+2 =0 m =1 isaroot by inspection. The other two roots can
be found through synthetic division.

1 !1 0 -3 2 Now, neam-2 = 0 or
6 1 1 -2 (m+2)y(m-1)Y=0=>m=-21
1 1 -27[0]
; L

Hence m =1, 1, -2 are the roots of the A.E

Thus y = ( €6, x) &+ o ¢ % is the general solution.
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4. Solve: 4y +dy"+y =0
>> We have (4D3+4D2+D)_1/:0
AE is 4m> +4m* +m = 0 or m(4mz+4m+1) =0

ie., m2m+1¥ =0 > m=0,m=-1/2, =172

x/2

Thus y = ¢ +(c,+egx)e 77 is the general solution.

13
) Solve: ;l +y =0
dx”

>> Wehave (D3+l)y =0

AE is m>+1 = 0, m = —1 isarootby inspection. The other two roots are found by
synthetic division.

-1 11 0 0 1
0 -1 1 -1

1 -1 1 LOJ

Now let us solve mr-m+1 =0

o _lENT-g_1#V-3 1# 37 1£iV3

2 2 2 2
Hence m = —1, 1/2+i(¥3/2) are the roots of the A.E.

& Solve : (4D —ap* - 23D*+ 12D +36) y = 0
>>  AEis 4mt—4m® - 23n% + 12m +36 = 0

If m=2:64-32-92+244+36=124-124 =10
= m = 2 isarootby inspection.

Now by synthetic division,

24 -4 -23 12 36
0 8 8 -30 -36

4 4 -15 -18 0

Now, 4m° +4m*—15m—18=0
Ifm=2 32+16-30-18 = 48-48 = 0
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Again m = 2 is a root. By synthelic division,

2@ 4 —15 -18
0 8 24 18

4 12 9 LEJ]

Now, 4m2+12m+9 =0

or (2m+3% =0 = m=-3/2 -3/
Hence roots of the AEare 2, 2 ; -372, =372

Thus y = (c + €y ) &+ ( Gte,x)e /2 s the general solution.

soloc: (D'-3D%+4)y = 0
>> AEis m'-5m?+4 = 0
or (:?12—1)(1112—4):0
or (m=1)(m+1)(m-2)(m+2) =0
roots of the AEare 1, -1, 2, -2

1 2
4 2
H
8 Solve: d'---ji+8 . ; +16y = 0
dt dt
4 2 d
>>  Wehave, (D" +8D +16)y = 0, where D = 7

AEis m4+8mz+16 =0 or (m2+4)2 =0

. roots of the AE are +2i, £2i (repeated imaginary roots)
(Take a note that 't' is the independent variable)

Thus ¥y =(c +cyt)cos2t+( €4+ ¢, t) sin2t is the general solution.

9. Solve: (D*+6d)y =0
>> ABis m'+64 = 0. ie, (n2Y+(8) = 0
Using b = (a+b) =2ab we have
(n? Y +(8) = (m? 482 —16m* = (n?+8) = (4m)?

ie., m4+64={(m2+8)—4m}‘{(n12+8)+4m]f
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Hence we have, m2 ~4dm+8 =0 and n12 +4m+8 =0

m_4i\’16—32 _ B -4+V16-32
= poms
+ 4 —4+4
m:4_241:2i2i com o= 42_5—1:—2-&21'

roots of the A.E are 2 +2i, —2%2i (complex roots)
Thus y = er(Cl C082x+c2 sinbc)+e_?“f(c3 c052x+c4sin2x)

10. solve: L 2
1 ) d
>> Wehave (D°-2D"+D%)x = 0 where D = T
AEis m*—2m 40 = 0
ie., m’ ( m? - 2m + 1 )y =0 or m* (m-1 )2 =0
roots of the A.Eare 0, 0 ; 1, 1. [Note that x = x(t}]

Thus x = (¢;+¢, £)+ (e5+¢ £) ¢’ is the gencral solution.

(1. Solve: (A0 —sD¥ - 77 s D +e)y = 0
R S S, _
>> AEis dm —8m” =7+t 6 =0

Hfm=-1:448-7~11+6=18-18 =10

m = —1 is a root by inspection.
-1 4 -8 -7 11 6
| 0 -4 12 -5 -6
T e B
4 -1z 5 6| 0

2 .
Now, An — 12w +5m+6 = 0

Hm=2:32-48+10+6 = 48—-43 =0 .. m = 2 isalso aroot.
2 4 -12 5 6
L0 8 -8 -6
| . B
|4 -4 =3 ! 0
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Now, 41112—4111—-3 =0

4m® —6m+2m -3 = 0
ie., 2m(2m—3)+1(2m—3):00r(2m+1)(2m—3)=0
= m=-1/2, 3/2

Hence the roots of the A Eare -1, 2 ,—1/2,372

2x x/2 eSx/ 2

Thus y=¢c e *+ c, ¢ +c, e T+ is the general solution.

120 Solve: (D°-D'-D+1)y =0
»> AEis n15—m4—m+1 =0
ie., m4(m—-1)—1(m—1):0
ie., (m=1)(m*=1) =0 or (m=1)(m*=1)(m*+1) =0
ie., (m=1)(m=1)(m+1)(m*+1) = 0
the roots of the AFare 1, 1, -1, +1{

x .
Thus y = (cl+c2x)ex+c3e +{ ¢, cosx+¢;sinx)

= ity show that v = cycosmlbte, sinnt-+ ¢, coshmt+ ¢, sinfrmt

d
S>> Wehave ([)4—7‘!‘.[4)‘}_’:0‘,4\;}1(31*‘3ID:EIL

(Note: Sirnce the given example involves “m” we should not use the same forwriting the A.E)
AEis (p'-m*)y =0 or (PP+m)(pP-w?) =0
ie., p=21mi, p==1m aretherootsofthe AE ; Also x = x ()

oMo e . ()

cos mit+c,sinmt+ ¢ 4

r=q 2 3

Consider the desired expression : _
x = ¢ cosmi+ ¢, sinmf+ ¢, cosh mt + ¢ sink mt

' Emt_i_e—mt Fmt_g— mit
cos mif +¢ smmt+c3 ——*Em— +c4 —

| 2

Cht+ ¢ €,—C
: 34| omt 3 4| emt
€; Cos mt+c2 sin mt+[ 5 }e + ——f e
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€yt 03¢y
Denoting ¢ = = and ¢y =— 5 we get,
x = ¢ €os mi+c,sinmt+cy iy ¢, et . (2)

We conclude that (1) = (2) since ¢}, ¢, arealso arbitrary constants.

14, Solve: DYDY w20 e +2) v =0

>> AEils 11'12(mz+2m)2(mz+2m+2)3 ={

I

= i’ 0,(n12+2m)2:0,(n12+2m+2)3:0

m =0 .. m =0, 0

(m® +2m ¥ =0 or [m(m+2)]2 =1
ie., nt =0, (m+2)¥ =0 . m=0,0,-2 -2
Also (:1'12+2m+2}3 = 0 and letussolve me+2m+2 = 0
—2+Vi-8 242

= =11
2 2 11

m

m = —1 % i isa triple root.
Hence the roots of the ALE are,
m=20000; -2, -2, -1%; -1+ -1+

Thus vy = (¢, + P, )+ -2
us Yy = (gt xtegxt o ) (c5+cﬁx)e

+ e_x{(C7+C8x+ch2)cosx+(cw+cnx+clzx2)Sinx}

Solution of homogencous differential equation subject to given conidtions
15 Sedoc oy T E A T o b e il = 4 u'= b i =

2 d
>> Wehave (D°+4D+4)y = 0 where D = Te

AEis m’+4m+4 = 0 or (n'z+2)2 =0 => m=-2,-2

Hence y=(cl+c2x)e_zx o

Now y':(c]+62x)(—2fzx)+cze_2x Q)
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Consider y = 0 at x = 1. Hence (1) becomes
0= (c:lJrcz)e“2 = te, =0
Also ¥y’ = —1 at x = 1. Hence (2) becomes

=1 = (¢, +¢)) (=27 %) +c,¢™ But ¢ +¢, = 0

ie., —1:c2(e_2)or czz——e2 Lof =y =e
Substituting these values in (1) we get,
Yy = P (1l-x)e %

Thus y=(1-x)f{17%) isthe particular solution.

16. Solve: i—giwl c—i}i+5y =0, given that y = 2 and dy -y when x = 0

dx dx ) dx d?
>>  Wehave (D2+4D+5)y =0
AEis m* +4m+5 = 0

-4£v16-20 ~4%2i

m = = = —Z27T1
2 2

Hence y = .e_zx(c1 COS X + ¢, Sinx ) ()

éy_ ro_ o am2x . 92X .
Y =e ( e;sinx+c,cosx)—2¢ (clcosx+c25mx)

ie., y' = e”zx(

—¢ysinx+c,cosx) - 2y
" —2x .
Also y”" =e¢ (—¢ cosx—c,sinx)
—Ze"zx(—clsinx+c2cosx) -2y’
Consider ¥ = 2 when x = 0. (y)x=0 = ¢ from(1l) .. 2= o

Consider ¥’ = y” when x = 0
(Y )og =620 5 (¥ ), o= —€-2¢,-2(c,=2¢))
€y=2¢y =3¢ —4c, or 5¢;-5c, =0 = ¢ = <,

Butc1=2 c2=2
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Thus by substituting ¢, = 2=1¢,in (1) we have,

= 2 ¢ % (cos x + sinx ) being the particular solution.
¥ & P

2
d’x dx . L
17. Solve the initial value problem :‘*% -3 :1: + 2x = 0 with conditions,
dt

dx
¥(0) =0, o (0)=1

d
>>  Wehave (?-3D+2)x =0;D = —
AE isgivenby m®-3m+2 = 0
or (m=-1)y(m-2)=0=>m=1,2
Hence, x = x(t) = ¢ er+c282f D
d
Also x’(t)zgg—clerﬁ-Zczezf L (2)

Let us consider the conditions x (0) = 0and ¥ (0) = 1. Then (1) and (2) becomes

0=c¢c +c, and 1=cl+2c2. By solving we get ci=41, 6221
Thus x = —é+& " isthe particular solution.
2
d d
18. Solve : gi_g A 5y = 0 subject to, Y- 2, y=latx=20
dx dx dx
. d
>> Wehave(D2—4D+5)y:G ; Dzzﬁj
A.E is given by me—4m+5 = 0
4 + ~v16-20 4 + 2
ks - = = +
m 5 5 211
Hence, y = o (¢) cosx+c¢, sinx) S
Ao o2 (¢ sinve +26% S x+c, sinx 2
il ¢ €, sinx czcosx) e (0, cosx +0y sinx) .. {2)

By the condition, ¥ = 1 at x = 0, (1) becomes

1=1(c+0) . ¢ =1
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Also by the condition % = 2atx =0, (2)becomes

2=¢,+v2. Using ¢, =1 weget ¢, =0

2

Thus y = ¢ cosx is the particular solution.

19. Solee the initial value problem : +4 di'; + 29y = 0, given Hhat
dE ‘ )

dx
¥(0)=0, T(0)=15
»>  Wehave (D?4+4D +29)x = 0, where D = %

A.E is given by m? +4m +29 = 0

~4+tV16-116 -4+10i
_ 4tvie S 22 U SN
2 2
Hence, x(t) =e_2t(616085t+c2sin5t) (1
d _ )
di: = X (1) = ¢ ¥ (=5c, sin5t+5c,co85t) =20 2 (¢, cosBtcysin5t) L. (2)

Letus consider x(0) = 0 and x'(0) = 15
(1) and (2) respectively becomes 0 = ¢, and 15 = 5¢, —2c,
€ = 0 and €, = 3

Thus  x(t) = 3¢ *sin5t isthe required particular solution

20, Soloe:a” (1) o’ ()Y =0, subjectto: v = a, ¥ = me when + = 20w
220 s _d
Wehave (D +w) x(t) = 0, where D = it
0

. 2 2 .
AEis m"+w =0 = m=+iw
Hence, v (#) = ¢, cos wi+c, sin wt (1
Also, x'(t)=-~w € sin wt+wc2 cos wt

By data, x(2n/w) = a and X' (2n/w) = aw
Hence (1) and (2) respectively give us,

a = and aw = we, Or 4 = ¢,
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Thus by substituting ¢, = 4 = ¢, in (1) we get,

x (t) = a( cos wt+sinwt), being the particular solution.

EXERCISES

Solve the following differential equatioﬁs :

3 2 3 '
1. g—%—éd—z+llﬂ—6y=0 2 i—g—Sy:O
dx dx’ dx dx
3. (D®-3D?+4)x = 0, where D =% 4. 16y -8y " +y’ =0
5. 2x” (£)+5x 7 (t)—-12x"(t) = 0 6. (D*-2D%+2D?-2D+1)y =0
d?z 4 3 2
7. ﬁ—,.lézzo 8, (D*-4D’+8D°-8D+4)x(t) = 0
t
d?x dx
9. ?+ux =0, (L>0) giventhat x = g, i 0 when f = n/\fi
t

10. (D*+D*~2)y = 0 subject to the conditions y(0) =2 , y'(0)=2 ,
y11(0)=_3

ANSWERS
1 y= cle"+'(:2c?2"c+c3e3I 2.y = clezx+e_x(czcos*./§x+c3sin\@x)
3. x:cle"t4;(c2+c3t)32t 4. y=c1+(c2+c3x)e"‘/41
5. x = c1+c23"4t+cse3t/2 6.y = (cl+c2x)ex+(c3.cosx+c4sinx)

N 2t -2t .
7. z =€ €0 tye +C3C052t+c4sm2t

8 x= et(cl+c2t)cost+(c3+c4t)sinf
9. x = —acos\f[ft

10. y=¢ +¢ * (cosx+2sinx)
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2.3] Inverse differential operator and the particular integral

We have the differential operator D = %
Letus suppose that D[ G (x)] = F(x)

Then IF (x)dx = G(x) is aninverse operation.

Equivalently we write %F (x)=G(x)

1 . . : . .
The operator D that stands for the integral is called an iverse differential operator.

1 1
53 etc. stands for successive integration,
D D
1, 2 £ 1 .
Examples : DX = Ix dx = 3 peosx = sinx

3x

512_{,31- = IIe3xdx dx = ji—xdx = %

Note : We omit the constant of integration in order to have a specific expression.

1
Next, if ‘a’ is a constant let us find B—_"; F(x)

5 F(x)=y then (D-4a)y = F(x) or %—ay:F(x) which is a
bl /)

linear differential equation whose solution is given by

Suppose

ye ™ = IF(x)e_”xdx or y=¢" IF(x)e_”xdx

D—l_gﬁ(x):e“jir(x)e‘“dx ()

1 1 1
Also (D—b)(D—a)F(x)_E:Z{BZ_a F(x)} )

This is nothing but the repeated application of the result (1).

(D_le(D—a) can be expressed in the form A . B

D-b D-
partial  fractions so  that ]
(D—b)l(D—a)F(x) = A{ﬁF(x}}%—B{EI_—EF(x)} and (1) can be applied
independently.

Note : Alternatively p by
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1
Suppose (D—b)(D—g)F(x) =y then (D-b)(D=-a)y = F(x)
In general we can say that,
funy=ﬂx):y:;%;

But we have already said thatif f(D)y = F(x) then y = Yy (x) free from the

arbitrary constants is called the particular solution or particular integral (P.I)
denoted by Yy Thus we can say that

F(x)
Pl=y =—77=
T D)
in respect of the equation in the form f(D)y = F(x)

Further it may also be noted thatif F(x) =aF (x)+bF,(x), where a4 and b are

constants, then

F(x) Fl(.‘{) FZ(X)

P-1I= = C=ae +b-
(TN EI R )
We present a few illustrations of finding P.Iby this basic method .
(i) Letus find D1 o8 2x

Using w.%;lf(x) = ¢ _[e‘“xF(x)dx we have

1 N
o7 <08 2x = &' J.e Y cos 2 x dx Y

Using the standard integral,

Aax
je“x cosbxdx = Te——bg(acos bx + b sin bx ) in the R.H.S of (1) we get,
a-+
e x
cos2x = &' --~5—(—cos2x+23in2x)

D-1
fe - 2x = 1 25in 2x — 2x
o D_lcos x45( sin 2x —cos 2x )

1 .

(i) Letus find _Z__ng
D°+3D+2
1 1 1 1

Here - by partial fractions.

2+3p+2 (D+1)(D+2) D+1 D+2
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1 N 1, 1
5 — ¢ [ d
D +3D+2 D+1 D+2

21.
:f’kl'f‘z—-—g‘zx.
1 ] x
Thus o R
D+ 3D +2 6

This fundamental method becomes highly tedious when f(D) is in higher orders
and F(x) isinacomplicated form as we have to necessarily decompose f( D) into
the form (D - ny ) (D - ny).o (D~ n ) forapplyingthe result. Hence we proceed

to illustrate simple and shortcut methods for finding the P.I when F(x) in
f(DYyy=F(x) belong to some specific form.

We discuss five specific forms of F(x)

24| Specific forms of the particular integral

SX

¢
f(D)
We have to obtain the particular solution of the de f(D)y = ¢™
Let f(D):Dzﬁ—alD+a!2

2.41| Type-1: P.Jof the form

We have D™y = ae™, D7 (6™ = g2

FID)E™ = (D*+a Dtay)e™ = D? ()4, D (™) +a,e™

= % o™ 4 a -2 +a, e

= (a®+ apatay )™ = flaye™
Thus  f(D)*V = f(a)e™

Operating with 1/f( D) on both sides we get,

1 ax

Ay - 1 an &
e o= fla) e or - M= ——
/ ),f D) J(D) fla)
{,!’T.T fJ.{'I.‘\'
Thus —=——= = =— (D being replaced by a) where f(a)z0
(D) flo) PP, :

Suppose f{a) =0 then (D-a) isa factor of f(D)
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2.7 f(DY= (D-a)9(D) )
f[;; P “lz‘ X ) 1 | e
'Sl f(D) (D-a)e(D) D=z ¢(a)

o | ﬁ.r‘f" 1 1 1 -

o L &L = A [ X g

N ¢(a){(D—a) } 9 (a) Je *

. & _ 1 ax _ 1 ax

ie., f(D)_¢(a)e Ildx—q)(a)xe . (2)

From(1) f'(D) = (D-a)¢’ (D)+06 (D) by treating D as a variable.
f'(ay=0+0(a) or f'{a)=20(a)
Thus (2) becormnes

eax eax
= X- ;

f(D) fi(a)

This result can be extended further also.

where f(a) =0 and f'(a)}#0

Thatis, if f'(a) =10 . = X2 e and so on
‘ " f(D) f7(a) '

Note : The result also holds good for the following functions.

(1) €™+ (i) any constant k as we can write k = k- e
Gii) % = (98%Y = & where b = loga

(iv) sinhax = 1/2- (& —¢ ™) and coshax = 172 (% +e ™)

IHustrations

; e2x _ €2x _ﬁ

’ D+3 2+3 5

» & _ e _é
" DP4+3D+2  1%+3.1+2 6

[Refer the previous article, as we have found P.Iby the basic method]

63x+4 e3x+4 33x+4

D}+D?+D+1 (3 +(37P+3+1 40
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‘ 4" - ( ,in;_,4 v Lf-)ll‘g:;_:__
D“+5D+h D“+‘3D+6 D* 45D +6
i} ot Y A
(lok,-l} +‘§(Ing_)4)+h (hw-i) +5logd+6
{’A : ¢ e v
5. — = e == ——— (Dr. = 0)
D’ +7D+6 (1P 47(-1)r6 1-7+6
f’_.[ (’71 X !
= X -— = T = =
2D+7 2{-1 9]
-2y - 2v - 2x
&2 f’ I
6. i S = e (D = ()
D¥iaD+d (-2 +4(71} +4  4-8+4
-2 —2x
‘) a
= —— =y Aganr Dy, = 0
2D+1 N Ty g VsamDro=0)
5 o2 g2 12 -2
=X e, T P
2 D? +4D+ 1 &
Loy -0y _ .
. cosh 2y 2 (¢ _4-;") 1 _t_)__‘_ ] z’"L'\ S b
C DP-d Doy rpilyTapiogy T hth
2a AY
1 ¢ 1
poE=m o = = e (Dy. = 0)
| T2 g2y 2 2
Lo A
R s B B 8
-2 -2
1 @ 1 [
b = e = < s (D= )
PRt T2 ()
1 e 1 e xom B
= - X om— = — Y. - e e
272D 27 2(-2y -8
o xe xe? a [Pl vinkax
BT TS R 4
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AN

sinay  cos Ay
f( Ny’ foDy

Dsinax) = acosax Dz(sinax) = — & sinax

242) Type-2 : P.J of the form

D3(sinax) = —a cosax, D‘i(sinax) = a* sinax

We observe that ( D? )1 sinax = (= a’ )1 ginax

(D? Y sinax = (-a®¥sinax etc (D*)'sinax = (-a%) sinax
Hence, f(Dz)sinax =f(—a2)sinax
Operating with 1/f( D?) on both sides we have,
. 2 . sin ax sinax 3
sinax = f(—a")- singx or = where f(-a)#0.
F(D?) f(D*)  f(=a%)

(D? being replaced by — @)
It can be easily seen that the working does hold good for cos ax also.

Cos ax COS ax
= where f(—az)i()

Py f(=d*)

Howeverif f(- a’) = 0, as in the previous type we can show that

singy sinax  cosax _cosax

ste.

x- ; = x- ¢
FID?Yy f=ay Dty et
Note : (1) The results also hold good for the functions sin (ax + b) and cos (ax+ b)

(2) Functions like sinaxcos bx, sinaxsin bx, cosax cos bx have to be converted into a

sum by using basic trigonometric formulae.

(3) After replacing D? by -, (D) transforms into the form oD xf (o & B are
constants) in which case we multiply both the numerator and denominator by
aD F B for proceeding further in obtaining the P.I However if f(D) involves only

even powers of D then, the same transforms into a constant on replacing D? by - o

Ilustrations
2
C.%-% We need to multiply and divideby (D +1)
pI= (D+1)cos2x _Dc052x+c052x_-«25i112x+c052x
© o (D+1)(D-1) D? -1 D*-1 '

Here a = 2 and we replace D? by -4
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_ —2sin2x+cos 2x 1

Pl = == i ~ CO8%
—i-1 5(2sm2x cos2x)

[Refer (i) in the article 2.3 as we have found P.I by the basic method]

sin 3x 2
2. —5——— Here a = 3, replace D° by —9

D’ +4D +3 P Y
pr o= SO SIN3X el and divide by 4D 4 6
© T -9+4D+3 4D WOPyanddivideby 4D+6.

(4D+6)sin3x  4(3cos3x)+6sin 3x

(4D +6)(4D-6) 16D% - 36
6 (2 cos 3x + sin 3x) 6 (2 cos3x+sin3x) -1 )
= - = = - 2
16(-9)-36 180 30( €08 3x +s5in 3x)

2431 Type-3: Pl of the form f((l;i) where ¢/ v} isa polynomial in v

We are seeking the particular solution of f(D)y = ¢(x) where

1

_ 1 =
(p(x)—aox ta, x Tooota, xta

-1
[tis evident that y = Y, will also be a polynomial in x. Hence P.Iis found by division.

By writing ¢ (x) indescending powers of xand f(D) in ascending powers of D,
the division gets completed without any remainder. The quotient so obtained in the
process of division will be the particular integral.

[TIustrations

1 2x2+4x+]
' D*+3D+2
2
2x +4x+1 -
P-1= 2 and we shall divide.
243D+ D?
_Hexsl
243D+D% | 22% vdx+1
2%+ 65+ 2 Note:3D (x*)=6x ; D2 (x2)=2
I o L S A 0 B
-2x-1
~2x-3 Note: 3D (-x)=-3, D2(_-‘f)=0
(1)
+ 2
2
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Thus P 1= x> -x+1
Remark : It can be easily secit that, ( D’ +3D+2)¢ Yort] ) = 20 4 4x+ 1

¥ =3x+1
D' _p?
|

a1 Ve First we need

S T B ) 4
- + = 3x X -x
v Lo S A

v -2y _ o* - 1

IH e Also D% (~x1/12 y=—-2x
-x+1 Now we need

—a x ﬁ
(4} (=) - D3 = _H\ dxdy = ’y

N
A=+ 1 o
ey for division.

R
-D°+ >

0 Also D? (»/6)=1
3 4 3

X A

Thus Pl = 6 13 = 12\-

IIAN

2.44| Type-4: P.Iof the form ;*( D_)_ where Vis a function of x

Let W be any function of 1.
D(MW) = M DWaa ™ W =" (Dia)W
Operating with [ again we have,
DWWy = DDy WD (D)W
= DT aDY W o (DW +aW)
= DT W 20 DW T W)
ie., D* (VWY = M (Da )2 W and so on. 7
FDYC™WY = D W M
1

Let FOD o)W = Villence W o= -

¢
f(l)"‘:?}

Thus (1) becomes
f( D ) Hﬂ.t e VA t,ﬂ'_\ Vv
) F(D+a)

Now operating with 1/f( D) onboth sides we have,
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] S [,’

JELL N Y .

FOD +a) fo
SV oY

Thus T e —
(D) F(D+ray

Remark : Jf Mg midtipliod with seme fiiction of xowve need Fo first <hifE DY o DY o

Then the computation of P.I will folloao the fupe 2 3,

lilustrations
oY sin 3x
1. i
D1
Shifting ID to (D4 2) we have,
2y sin 3\ I SN Ay
eV LD A STt
(D+2) N 1043
511173_\'

We have to find 5 = which is same as illustration-2 in Tvpe-2
>+41D+3

T

AT -~
Ty —1 ~ _
Thus f—--—;l-m = ()2" o (2eos 3 +sin 3y = *;5 {2 cos 3y + sin 3x)
D=1 30 30
- 2
» O i)
' D +5D+ 6
Shifting Do (D ~1) we have
oy 2\ T+t -x +4\+l
Y = T
(D~ 1 +1(D—l)+(> ) +'._'>[)+2
2 4 4+ 1
Plot ——- S 1s same as itlustration (1) of I'vpe-3.
D“ + 30 +2
PAN - 4 | _ )
Thus ( 1 s ) NG GOy | )
(D“+5D+6)
2450 T 5: Plofthef vh \!i 4 here Vis a function of x
2. e- 0 e form - i 1
yp F(D)Y’ f(D)

et Whe any function of x.

D'y W)y = D' W10 1V, by Leibnits theorem.
We shall write n D"~ ! present in the RILS equal to 7?1'7) (D" ) by regarding D as a
L

variable.
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D' (xW) = x(D”W)+ (D”)W

Hence f(D)xW:x-f(D)W+f’(D)W D
Now, let f(D)W =V and hence W _lefS—iV
(1) becomes
F(DyxeV = x Vaf (D)
f(D) f(D)
Operating with 1/f( D) on both sides we have
1 1
X . D f‘"V
YJ(D) T F(DY’ oy Py

f(D
or x— - V—Au——xV
f(D) f(D) (D)

e, |eoL®] v 1
f(D)Y | f(D) f(D)
xV I (D)} 1%

f(D) f(D) f(D)

Thus

Note

1. By repeated application of this result we can find the particular integral of the functions
d V, x3 V etc.

2. Inthe cases of ¥ cosax and X" sinax specially when n > 1 we prefer the following
alternative method.

We know that ¢ = cosax +isinax

= cosax = Real part (R.P) of {,m.r

singx = Imaginary part (LP) of PRk

Hence ¥ cosax = RP(¢x") and ¥'singy = LP(¢™*x")

Computation of P.I is done by first shifting D to D +ia and then we have to divide
X" by the transformed form of f{ D). By seprrating this into real and imaginary parts
we obtain the PIof x"cosax/f(D) and 1" sinax/f(D) respectively.
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[Hustrations

XCOs X

' D2+9

Here V = cosx and f(D)=D?+9 . f'(D) =2D

1

X COS X 2D cOs X
Now 5 =X s
D +9 D+91D+9
2D |cosx
=ix————|—,byreplacing D* b -1
!: D2+9:' 3 yrep 23 Y
 XCoSX sinx _ xcosar+ sinx _ xcosx+sinx
8 4(D2+9) 8 4(-1+9} 8 32
X COS X 1
Thus r_go_bgvz (4x cos x +sinx)
D*+9 32
_ix v
Aliter: xczossz-P 128 = R. '62 X
D°+9 D +9 D" +9
ie., = R.P 81-1.__“_;:_2_ = RP e’*--aﬁx— (% =-1)
(D+i)y"+9 D +2iD+38

Wedivide x by 8+ 2D+ D?

x/8-—-i/32
8420407 | X _ o
(_)x:;/cl Cuotent = %-—é =3 (4x—1)
~i/4
—i/4
+r o
0

P.I:R'Pe‘*-a%(alx»i)

= %R-P{(cosx+isinx)(4x—i)}

[N

= 3—12R-PJ,(4xcosx+sinx)+—1'(4xsinx—c0sx)f

P.I (4xcosx+sinx)

TR
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Eg Summary of all the resuits

Solution of f(D)Yy=06(x)

Stage-1 _ Stage-2

N i s ; ] s rg

Finding CFir s Finding P14 i, here
solving it 0 IR AN

- e S - L
‘ Complete solution ty = CE+PL or y=y ty

Stage-1 : Solutionof f(D)y = 0

» TFormthe AL Fim} =0 and sobhve.

»  C.Fisbased on the nature of the roots of the ALE as summarized in the following
table.

Complimentary Function (C.F}

1Nature of the roots ot the ALE

PR —_—— - - ) P — -
O DRI DA | F SRR : I " HE A

i , 1 2 I {j} (,H!! R ‘. HH.?_\ +o f” RN

1 {real and distinct)

i = R = . . 2 -1 A

12, My =N, o=l (€ ey ¥y X et Ty

e coincident real roots}

P "
3w ply A0 cos gt o, s Y)
' (a pair of L‘Umpicx TOOS) .
- O, COSGY O, sy
(hy +ig p COSIR L S
o {a pair of imaginary roots) TR R WY cos o
L ey p g repeated o times ' ' ‘ ¢
} J PR ’ ’ H

kel xt e ke “Hsingy
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~ €0s ax ¢os bx by changing into
sum)

})(—(;%where(p(x)isa
- polynomial in x.
;:DV) where V = V(x)
V

foy V=Y
2V
S(Dy

¥ cosax  xsinax

BT

foy

N f(-@) = 0 ete

Stage-2 : Particular solution of f(D ) y = ¢ ( x) or P. 1= Y, = =¢(x )/f( D)
: I Type ofP I Method of gettmg the P I
: 1. | P:u’ x
| FD) oy o 70
~ (Also applicable for . (D is replaced by a )
i o™ +b a¥ = logr‘t x gﬂx gax
; sinhax coshax by using their x‘)}T(a) / 'f”(a)em
| definitions) Lif f(a) = 0], [if f'(a) = 0]
- 2. sinax  cosax sinax COSax
5 ; > 3 S . 5 where f(—a2)¢0
F(D%) F(DY) Sy f(-
- (Also applicable for (D s replaced by —a*)
‘ Sin(ax+b), COS(ﬂx+b)& sinay cOS ax
: sinax cos bx, sin ax sin bx x.f’(-—az) ’ x.f’(—az)l

Divide ¢ (x ) by f( D ) by writing ¢ ( x } in

descending powers of xand f( D )in
- ascending powers of D. Quotient = P.I

as remamder w1l] be Zero.

‘ P v

f(D+a)

D) v
f(D) | f(D)
V

. Dis replaced by D +a first & then find
V/f(D+a) premultiplied by ™

X
R licati
X (D) { Repeated application ),
mx xﬂ fl!l.l' xn
R.P. LP.
ﬂD) f(D)

-
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WORKED PROBLEMS

Tvl:_)eJ B
i i B
21. Solve: 6 ¢y ]7{*” P2 = o
2 dx -

v

>> Wehave (6D°+17D+12)y = ¢ *

AEis 6m+17m+12 =0

ie., 6m’ +9m+8m+12 = 0
ie., 3m(2m+3)+4(2m+3) =10
ie., (2m+3)(3m+4) =0 = m=-3/2,-4/3
y. = ¢ e—g’x/.2+c2 b3
e e e
Yo = 92 - 3 =g ¢
6D"+17D+12  6(-1)y +17(-1)+12

Complete solution: y =y, + Yy

Thus - —3x/2 —4x/3 | X

22/ Solve: y”+2y +y = cosh (1 2)

~> Wehave (D2 +2D+1)y = cosh (x/2)

AEis m*+2m+1 =0 or (m+1)2 =0 =»> m=-1 -1
Y. = (c1+c2x)e—x

1 x/2 4—x/'2 1F ex/2 H——x/Z _1

[( 72 o572 1

L

1
ie., = = + [
21 (172417 (-172+1) |

e«x/2 2

i}re" +5 = of
5 =

1 x/2 —x/2
C= +2¢
2 (1/4) 9

(
1
2

Complete solution : y = y_+ Yy

Thus y = (c1+-52;vc)¢a'—x+2/9-cf"/2*1—2e_x/2
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23 solve: ( D' -p*eab-a Yy o= s (2x+3)

>> AEis m3—n12+4m—4 =}

ie., M (m-1)+4(m-1) = 0
ie., (m=-1)(m?+4) =0 = m=1, +2i

Y, = £ € +¢,008 2x + ¢, sin 2x

sini (2x+3) 1 3 e (2r3)

P D-D?+4D -4 2{D3—D2+MD—4 D -D®+4D -4

1 €2x+3 e—(2x+3)
5_8—4+8—4“—8—4—8—4

|
]

1' P2X+3 e—(2_x+3)
2, 8 -24

1 2% +3 ~(2x+3):|
yp—48[33 +e

Complete solution: y = Y. +yp

1 _
Thus y=c1€t+c2cos?.x+c35in2x+£[3e +e (2x+3):|

2 solee: y"~(a+b)y vaby = ¢ +e
>> Wehave [D?~(a+b)D+ab]y = %+

AEis mz-(a+b)m+ab =0

or (m—a)(m-b)=0 = m=a and b
Y. = ¢ e”x+czebx where a#b
enx+8bx X ebx
e T (D-a)(D-b)  (D-a)(D-b) (D-a)(D-b) P*P
o : &
L= (D<a)(D-b) ~ (a-a)(a-b) (Dr.=0)
_x-. eax Fagpa -y E’ax — gﬂx
= (D—a).l-i-Q)l - O0+(a-b) - a-b
e

3

L



68 DIFFERENTIAL EQUATIONS - 2

{’b x f,bx

P2 = (DZay(D~b) ~ (b-a)(b-b) (Dr.

ebx ebx ebx

B JL-(D—a)+(D—b) B x'(b—a)+0 T TR AT

Complete solution : y = <+ ¥, where ¥, = P1t P,

x
Thus y= clem+czebx+ b(e“x—ebx) where a#b
a—

2. .
25. Solve: fl%—b dy ~ty = 50 2
dt dt
2 R _ 4
>> Wehave (D°-6D+9)x =5¢ © where D = af
AEis m*—6m+9 = 0 or (m—?))2 =0 => m=33
xc-——(c.!+c2t)e3t
. 502 5,2 T
P D*-6D+9 (-2)-6(-2)+9 25 5

Complete solution: x = x_+x
c P

Thus x = (c1+c2t)e3t+ e 25

26. Solve: L"*":;-+—.‘k.\' = cosh i
dt
4 d
>> Wehave (D +4)x = cosht where D =
AEis m*+4 =0 or (m2+2)2-—4m2:0
or [(m2+2)—2m]1(n12+2)+2m]=0
ie., m>—2m+2 =0 ;n-12+2m+2:0
2+v4 -8 -2+v4-8
m= ——- Pom o=
2 2
_2i21_1_{. _:gizl_
m=-—"7—=1%i;m= y= t1
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xc=et(clcost+czsint)+e_t(63cost+c4sint)

y = coshnt 1 et+e_t-1'_l{ ef N e ! ]l

P D'+4 2| D*+4] 2[D*44 D44
o _ 1 o g—t _ l,l(ef+g“f) _ cosht
” 2/ 1+4 144|752 77 5

27. Solve: d?g —4y = cosh(2x—-11+3"
\

>> Wehave (D2—4)y = cosh(2x-1)+3"

AEis m*—4 = 0 or (m=-2)(m+2)=0 > m=2, -2

V. =¢ e2x+c2 e~ 2¥
cosh (2x-1)+3* 1] 21 (-1 3"
v, = 2 :—| + 5 + 3
g D" -4 2ip*-4 D -4 | D’-4
=p1+p2+p3(say)
2x -1 2x -1
1 e 1e
pl =§' ) :5 3 (DT=0)
D -4 2° -4
_lxt'b_l :lxezx_l 2582.1—1
S 27 2D 2 4 8
~{2x-1) -(2x-1)
1 e 1 ¢
D*-4 (-2 -4
_l.x<ﬂ_l_x.iﬁﬂ=:ﬁe—(h—l)
T2 2D T2 -4 8
3% ( 8108 3 )x L’log 3.-x elogS X X
ATy Py T DPa (log3)®-4 (log3)*—4

Complete solution: y = yc+yp where Y, = Py +py+ P,



70 DIFFERENTIAL EQUATIONS -2

e
2 -2 X 2= X (oa-1) 3
yo=c T to, 0 e - + - ——
! 2 8 8 (log3)° -4
2x —2x X . 3"
Thus y=c e +cye +osinh(2x-1)+ ———
4 (log3)’ -4
dzlf d!f 3! !
28. Solve: oy -4 4w se “ooshr 204 2
dt - dt
2 3t ¢ d
> Wehave (D -4D+13)y = ¢ cosh2t+2 ;D=E¥
AF is m’—4m+13 = 0 and by solving,
+ 16— 52 41 61
| _AxNIEeBE 436, o
2 2
2t . )
y.=¢e (clcos3t+czsm3t_)
y = ¢ cosh 2t N 2!
P pP-4D+13 D°-4D+13
‘1€3r(€2t+(,~2r)+ of
2 PP-4D+13 DP-4D+13
1 At ,+l o . of
2 p2-4p+13 2D?-4D+13 D°—4D+13
=pytp, T {say)
S U SN i _1e e
17 2p2_4p+13 2(5)7-4(5)+«13 218 36
S S S
272 4py13 21-4413 20
of r;)log 2-t elog 2.t
Py =

D?-4D+13 D?-4D+13 (log2)*—-4(log2)+13
Complete solution: y = y, + Yy where Y, =P +Py+ Py
eSt i 2t

+o-+
36 20 (log2)2-4(log2)+13

Thus y = ezt(c1 cos 3t+ ¢, sin3t) +
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29. Solve: (D ~18D7 +81)y = 36,
>>»  AEis n14—181112+81 ={

ie, (M -9)¥ =0

or (m=-3Y(m+3)7°% =0

= m=23,3;-3 -3

_ 3x -3x
y. = (cl+c2x)e +(c3+c4x)e

36 ¢ 36 &%
Yp ™ 2 T A 2 (Dr.=0)
D*—18D" + 81 37 -18(3°)+81
3x 3x
36
— 3;6{’ - . 2 (Dr. = 0)
4D°-36 D 4(3Y -36(3)
2 366" B 36 5 3607 2T
=TTy T iy e Y T T
12 D" -36 12{(3) -36

Complete solution : y = y,+ Y,

3x —3x 3x
Thus y=(c tc,x)e (gt x)e a2

>>  Wehave (D3—8)x(t) = (1-¢)? where D =%

AEis m®-8=0 or (m=-2)(m’+2m+4) =0

m=2;m +2m+4 = 0 and by solving this equation

~2+V4-16 ~242iV3

= = - +
m 5 2 1+iV3
xc=cl62'+eﬁf(c2cos\"§t+c3sin\/3—t)
b —(1—€t)2— L 2¢ + e = Pt Pyt py (say)
P p’-8 p*-s pi-g pi-g 1 T2 137
o O g
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er eZt

= = (Dr.=0)
P37 p3_g 2.

HZt 821 fe

= f- =1 =
ap? 3.2 12

2t

Complete solution : x = xc+xp where xp =p +p, P,

Thus x =g 32t+e_t(czc05\f§t+c3 sin\f?Tt)-—l/8+2et/7+ tt/12

31. Selve: y” -4y '+ 13y = cos 2y
>> Wehave (D2—4D+13)y = cos 2x

AE is m*—4m+13 = 0 and by solving,

om(cmEN(=4) -4 113 42V-38

2-1 2
4+V361°  416i .
= = ~— =2+3i
2 2
yc=e2x(clc053x+czsin3x) 2
Y = cos 2x _i
P D?-4D+13 S
2 2 \T/
Here a = 2 and hence replace D° by ~a” = —4
cos 2x _ cos 2x

YT Z4-4D+13 T 9-4D
Now multiply and divide by (9 +4D)

_ (9+4D)cos2x 9 cos2x +4D { cos 2x)
(9+4D)(9-4D) 81 - 16D?

B 9cos2x —8sin2xy 9 cos 2x — 8sin2x
T o81-16(-4) 145

Complete solution : y = Y.t yp

9cos2x -8 sinZI
145

Thus y = ezx(cl cos 3x + ¢, sin3x ) +
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320 solee sy T Yy cos 2y o
>> We have (D2+9)y=c052xcosx
AEis m*+9=0 = m=+3i
Y, = €; Cos 3x +¢, sin 3x
y 1 {(cosx+cos3x) 1 cosx 1 cos3x o ( )
- = = —. - = 54
P2 D?+9 2 plyg 2 plig P1TPSY
1 cosx 1 cosx COS X 2 . 2 2
p, == == = (D isreplaced by —a” = —1° = -1
1 2plig 2 _1249 16 F Y )
1 cos 3x 1 cos3x
P, == == (Dr.=0)
2 2phi9 2 _3249
1 cos 3x X xsin3x
m 2 ap = g Jeesdedn = TS

Complete solution: y = Y.ty where Yy = P17 P,

Thus y = ¢ cos3x+c,sin3x+

33 calees o Vi = 3ros

COS X + x sin3x
16 12

>> AEis (m°-1)=0 or (m=1)(m2+m+1) =0

2

m=1; m+m+1 =0 and by solving this equation,

_-13V=3  -1+iV3 1
mETT T T T

Y. = ¢ &+ X2 c2cos(\»§_x/2)+c3sm(\f3_x/2)}

3cos 2x 3cos2x

Now D2—>—22 = —4

1 = =
I (D*. Dy-1
o _3¢os2x  3(4D-1)cos2x  3(-8sin2x—cos2x)
” C —4D-1 " —(4D+1)(4D-1) ~(16D*-1)
_ —3(8sin2x +cos 2x)
fp = 65 |

Complete solution: y = v ty,
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dy 2

2
d
T3 +2y = dcosx

3. Solve @ -
dx* A

>» Wehave (D2+3D+2)y=4c052x
AE is mP+3m+2 =0 or (m+1)(m+2)=0 = m=~1, -2
x e—2x

Yy, =c e G

We have 4cos”x = 2(1+cos2x)

B 2 . 2 cos 2x = p +p, (say)
T D i aD+2 Di+aD+2 1 T2
?_eﬂx 2801’
= = ‘;1
1T D2i3p+2 0P 43-0+2
2 cos 2x coS 2x cos 2x
Pr= 2.amas = 2| Tas3paa | 2laD-2
D?+3D+2 4+3D+2 3D-2
_2(3D+2)(c052x)_2(—6sin2x+2cos‘-2x)
(3D+2)(3D-2) 9D? -4
_4(-3sin2x+cos2x) _ 4(-3sin2x+cos2x)
- 9(-4)-4 N - 40
_331’112.x-c052x
Py = 10

Complete solution: y = l/L +yp where ¥y = P TP,

+ 3 sin2x — cos 2x
2 10

Mve : (D2+4)y = sin” x

>> AEis m*+4=0 = m = +2i

Y. = ¢y €os 2x + ¢, Sin2x

2

y_sinx_l(l—cost)_L 1 _lcos2x_p+p
Poop*+4 2 D44 2 pPrg 2pP4q 172
PLZ0 g 2 (2yg 8
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l Ccos 2x

- _ 2, _ 92y, S
P2 2D2+4 (D7 =-27); P2 2 -4+4
_ 1l cos2x 1 _ Txsin2y
P2 ==3% 50 ‘-"-4x_|'c052xdx— g

Complete solution: y = v+, where L

1 .
Thus y = € €os 2x +¢, sin2x+§—-xmz;rlzmc

36. Soloe: D° { N+ 4 ){ D*+9 Jy=2sin(v/2)cos( 2)

>> AE is mz(mz+4)(mz+9)=0

Roots of the AEare : 0, 0, 2/, +3i

y. = (cl+c2x)+(c3c052x+c4sin2x)+(c5cos3x+c6sin3x)

sinx

y = Now D*—-1°% = -1

P D2(D?+4)(D*+9)
Sin x sinx

(-1)(-1+4)(-1+9) —24

il

Y

Complete solution : y = Yty

Thus vy = (c1+czx)+(c3c052x+c4sin2x) +(65c053x+c65in3x)—sinx/24

37. Solve @ (148D 416 )y = 2 cos?a

>>»  AE is m4+8mz+16 =0

or (mz+4 Y= 0 o> mo=+2 42 (repeated imaginary roots)

Y. = (e ey x)cos2x+(cy+cy x)sin2x

Also 2 cos2 x = 14 cos2x

1+ cos2x 1 cos 2x

, + - =
PoptysD?+16 DY+4+8D%+16 D4 8D%+ 16

POJ' e(h’

1
ML D isD? 416 040416 16

2
Py = o Now D? 5-2% = -4
T DT+8D+ 16

P1

+p,
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COs 2x Ccos 2x

= = (Dr. = 0)
P2 = C4yig(-4y+16 32-32
. C;)SZX _Xx, 2(:0529: _ X cos 2x (Dr. = 0)
ap®+16D 4 D’D+ap 4 (-4D+4D)
_ 2 _cosXk 2 cos 2x _x2c052x
P +16 | 12(-4)+16 -3
Complete solution : y = Y+, where Y, = PP,
2
. 1 x"cos2x
Thus y=(c1+czx)c052x+(c3+c4x)sm2x+T6- 32
174
38, Solve E SRS = cos{ K+ 0)

>>  Wehave (D2+k2)l‘ = cos (kt+c) where D :%

AEis m+K =0 = m = tki

cos kt + ¢, sin kt

xczcl 2
x = MC—) Now D2—>“—k2 makes the denominator (
F D24 K2
., cos(kt+c) b
Hence X, = t'ﬂzD =3 jcos(kf+c)dt
. _i.sin(kt+c)_tsin(kt+c)
S ) k = 2k

Complete solution : x =x +x
P

) tsin{ kt+c)
Thus x = & coskt+c251nkt+ —

39, Nolve: Py o= 65cos(2v+ 1)

dl"’

>> Wehave (D3+1)y = 6bcos(2x+1)

y. = ¢ e_xﬁ—el'/zjfg cos(\"3—/2)x+f3 Sin(\@/Z)x} (Refer Ex-5)

_ 65cos(2x+1}) 65cos (2x+1) No

2
= w D —5-4
Yp D41 (D* DY+1
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_ 65cos (2x+1)  65(1+4D)cos(2x+1)
Tp -4D+1  (1+44D)(1-4D)

65 cos (2x+1)~8sin(2x+1)|
1-16D7

65 cos (2x+1)—8sin(2x+1)}
1-16(-4)

Yy cos(2x+1)-8sin{2x+1).

Complete solution: y = ¥+ Y,

Thus y=cle_x+€t/2{c2cos(\/3_/2)x+c3sin(\f3_/2)x}

+cos(2x+1)-8sin(2x+1)

- m e e m m e e e e e e e o o o E R e e e e e e o mm Em E e o e M e B v e e e e e e am

2
{ { ) .
‘ :’ +2 f__ll.+ 10y +37sin3x = 0, find the value of vy

A0 Given the equation :
d’ iy

ey o di
hen v = 2 Gt is given that 1y = 3 and i‘l = wher v =0
! v

>>  We have (D2+2D+1O)y = —37sin 3x

ALis m’+2m+10 = 0 and by solving,
. —2+VE-40  -21t6i

m 5 5 1+3i
y. = e_x(cl cos 3x + ¢, sin 3x )
y —37 sin 3x Now D?— —9

P D?*+2D+10

-37sin3x  -37(2D-1)sin3x
2D+1  (2D+1)(2D-1)

—37(6cos3x—sin3x)  —37(6cos3x—sin3x)
4D% -1 4(-9)-1

Y = 6c0s3x —sin 3x
Ip

Complete solution : i = ¥+ yp

Thus y = e—x(c1 cos 3x + ¢, sin3x } + 6 cos 3x — sin3x (1)
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Now % = e*x(—?,clsin3x+3c2cos3x)—e_x(cl cos 3x + ¢, sin 3x)

—18sin3x - 3 cos 3x ... (2)
Consider y = 3 when x = 0
Hence (1)becomes, 3 = c1+6 = ¢ =-3
Also g:Li=0when:rc=0

dx

Hence (2) becomes, 0 = 3¢

2—c1—3 = c2=0

Using these values in (1) we have,

y = —3¢ *cos3x +6cos 3x -~ sin3x .. (3
Now we shall find y when x = n/2. We have from (3}

y(m/2) = =3¢ V2 cos (3n/2) +6cos(31/2) —sin (37/2)
But cos(3m/2) =0 and sin(3m2) = -1

y(m2)=-(-1) =1
Thus y =1 when x = /2

>> Wehave (1'32+3>D+2)y':12x2

AE is m>+3m+2 =0 or (m+1)(m+2)=0 = m=~1, -2
yc=cle_x+cze_2x

122

T D ran 2
We need to divide for obtaining the P 1.

6x2~18x+gl
2+3D+D% | 1247
2
1257+ 36x+ 12 [Note:3D(6x2)=3difi(6x2):36x

—36x 12 and D? (67 ) = 12]
- 36](“—4754
42
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Hence Y, = 6x* — 18x + 21

Complete solution : ¥ =y.+ yp

Thus ¥ =¢ e‘x+c2e_2x+6x2—18x+21

12. Solve: y"+2y ' +y = 2x+x
>> We have (D2+2D+1)y = 2x i x°

AEis m*+2m+1=0or (m+17 =0 = m=-1 -1

X

1

y, = (e to,x)e

2x+x2 B x2+2x
D?+2D+1 . 142D+D?

yp =

X2 —2x+2
1+2D+D? x° +2x
P+ dx+2 yp:x2—2x+2
-2x-2
—2x—4
2

2
0

Complete solution : y = Y. ¥ Y,

43. Selve: (D3+8)y =xtsor 41

>> AEis m°+8 =0 or (m+2)(n12—2m+4) =0

2+V4-16  2+42iV3

=147
5 5 1+iV3

m=-2 and m =

Y. = ¢ e_2x+ex{czcos(\fi‘}_x)+c3sin(\'§x)}
. _x4+2x_+_1
G 8+D°

P.lis found by division.

P.Iis found by division.

79
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/8- x/8+1/8

8+D° | xt+2v+1 D?(x*/8)=3x
x4 3y

—x+1 ) _1oa
o . yp_S(x x+1)

1

1

0
Complete solution: y = y + Y,

Thus y = cle'2x+ex{c2cos(\/3_x)+c3sin(\/3_x)}+%(x4_x+l)

4 R
. d v d=a )

H. soloe: “+3 ) =+t

dt =

>> Wehave (D2 +3D%)x = 1+t whereo=%

AEis m>+3m® = 0 or mz(m+3) =0 => m=0,0 -3

xczcl+c2t+c3e‘3t
‘= 1+t t+1
PoopPy3p? 3D+ D?
P.Iis found by division.
£/18 + t2/9
3%+ P3| 1 t1 1£ £
t+1/3 ggfg”fdfdt:gg‘ﬁ
2/3 D (/18)=1/3
5=3 tdt =
3D
3 2
£ g F
Hence x, = 18+9 = 18(t+2)
Complete solution: x = x_+x
“ _ st P(F+2)
Thus x-c1+c2t+¢:3e 18
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>
o , a7y
S PR YA VAl Lo T s by 1

2! !i’.'\

LY

>>  We have (D2+5D+6)y: e

AEis m*+5m+6 =0 or (m+2)(m+3) =0 = m = -2, -3

-2x

_ - 3x
Y= e THce

x2 x2

y =
P D?+5D+6 6+5D+D?

P.I is found by division.

x°/6 — 5x/18 + 19,108

6+5D+D° |2 5D (x°/6) = 5x/3
PH(5x/3)H(1/3)  D*(2%6) = 1/3
—(5x/3)=(1/3)
—(5%/3) = (25/18) 5D (~5x/18) = —25/18
19/18
19/18
0

_x 5 19 1
=6

- 2_
18+108 = 108(18x 30x+19)

Complete soluton: y = yc+yp

= o o2 —3r 1 2_
Thus y=ce “+cge +108(18x 30x+19)

>>  We have (D3+2D2+D)y=x3
AEis m>+2m%+m = 0 or m(mz+2m+1) = 0
i, m(m+1)2:0 => m=0 -1, -1

-
y. = cl+(c2+53x)€
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y - x> ~ X
P p*+2D°+D D+2D+ D
P.Iis found by division.
K/a-20 1 9x% - 24x
D+2D%+D° | ¥ fl_ 3, _ﬁ
DT YEETy
2+ 6x° + 6x 202 (x/4y=D% (*2) = 6x°
— 6x° - 6x D3 (x4 = 6x
2 2
— 6y’ —24x—12 ~ 6
o O = [~edax = -24
18x + 12 18x a2
18x+36 p = J18xdx=ox
~24 —24
-4 o " j—24dx—~24x
0

x4

_ & 5.3 2
Y, =73 2x7 +9x" — 24x
Complete solution: ¥ = v+ ,

Thus y = cl+(c2+c3x)e_x+(x4/4)—2x3+9x2-—24x

>> Wehave (D°-7D+6)y = 1-x+x
AE is givenby m>—7m+6 = 0
m = 1 is a root by inspection.

We now apply the method of synthetic division

11 0 -7 6

0 1 1 -6

11 -e Lo
mrm—-6=0 or (m+3)(m=-2)=0 = m=-3,2

m = 1,2, -3 are the roots of AE



LINCAR D.E. WITH CONSTANT COEFFICIENTS

83

_ X 2x -
Yy o= e toe +C3e

3x

1-x+x° R Pox+1
D°-7D+6 6-7D+D3

Y, =

P.11is found by division.

X/6 +2x/9 + 23/54
X :
6-7D+ D> Pox+1
7
3

4x
E“+1

14

3 9

+{

0

x2

PEE
¥p = % 9

: 2
T (9x° +12x + 23)

u1|N
W | 2

Complete solution : y = Y+,

3

_ 1
Thus y=clex+¢:2e‘,‘r+c3e x+gz(9x2+12x+23)

38, S0k : ‘ + \ r -4 ’;1. Y L A

>> We have (D3+D2+4D+4)y:x2—4x~6
AEis given by e+ dm i 4 = O

or e (m+ 1) +4(m+1) = 0

or (m+1) (mP+4)=0 = m=-1, m=+2i

- -X :
y.=qe +‘:2c:052x+c3 sin2x
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P —dx—6
= DP+D?+4D +4
x2/4-3x/2-1/8
4+4D+D2+D? | ¥*—4x-6
2 +2x+1/2

P.1is found by division.

—6x—(13/2)
—6x—-0
-1/2
-1/2
0
Hence yp = %—%—% :% (2x2—]2x—1)

Complete solution: ¥ = y .+ yp

39, solve (D2 -2D4 b)) = ot sina
>> AEis m*—2m+5 =0 and m = 1+2i bysolving.
y, = ex(n:1 cos 2x + ¢, 8in2x)
¢ sin x
D*-2D+5

y = 2 sinx _ 2 sinx
P (D+2Y-2(D+2)+5 D*+2D+5

Now D2—>—12=—]

. _ 2 sin x _e_?'f sinx _gz_x (D-2)sinx
Yo" |2p+a | 2| Dv2i 2 (D-2)(D+2)

Now Y, = First we replace Dby [ +2
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B gfi cosx—2sin_x : t_z_‘ cos x—2sinx
T T @y T2 —1-14
2x

yp = E(Zsmx—cosx)

Complete solution : y = vty
er
Thus  y =€ (¢ c052x+c2sin2x)+ﬁ(25inx—cosx)

>> AEis m*-2m+4=0and m = 1+iV3 by solving .
yt‘:ex(clcos\@&xﬁchsin\/gx)

by
yp S L . Now D—=D+1

D*-2D +4

}/p ex[ cosx } Now I? 5-1%2 = -1

D?+3
_ & cosx
=72
Complete solution: y = y.+ Yy

Thus y = Lft(clcos@x+czsin\/3_x)+eftcosx/2

>y = et RZ: ¢ cos(\/3—/2)x+c3 sin(\/?/z)x} (Refer Problem-5)

2
y :exji-— First DD+ 1
4 D> +1
” 5y X 5x°
=€ 3. .- %73 2
(D+1)' +1 D7+3D°+3D+2

_ 5t 2
2 1 243D+3D%+D°

(For a convenient division we have multiplied and divided by 2)
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P -3r+(3/2)
243D +30%+D° 2x2

20+ 6316

)'x C
Yy, = %—-[xz—3x+(3/2)] = %(2x2—6x+3)

Complete solution : y = .‘/L-erp

_______________________________________________

AT Selve s { I I i

AE is mi—dm+3=0or (m-1)(m=-3)=0 = m=1,3

¥, = ¢ e"+c2e3x
: 3
: 267 x
= N D +3
Yy (D-1)(D-3) ow DD
. 2
y =2t’3'1’ X :€3x_ X .
b (D+2}) 2D+ D

P.1. is found by division.
(x2/2)—(x/2)

wept 2 o+ 2 fuaa
_E{_Fl o ote 2[)-— xax—= 5
-1 -1 1 x
-1 2D“J_2'1dx‘_§
0 N
C T 2T

Complete solution: y = y_+ Y

DIFFERENTIAL EQUATIONS -2
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T R O

>>  We have (D2+2D+5)y = ¢ ‘sin2x

AEis m*+2m+5 =0 and m = —1%2i by solving.
Y. = ¢ (¢ cos 2% + ¢, sin2x )

- X - —)‘“‘ 2-
¢ SN2y o sindx L DoD-1

Y, = r
PoDX42D45  (D+1)2+4
y ze_x-81;2x Now D —-2° = -4
P D*+4
=e_x-5m2x(Dr. - 0)
~4+4
_ —x_ sin2x e Y.x ¢  —¢ Y xcos2x
=l Xy E melxdx_—————"—/_l

Complete soultion: y = v ty,

o
>>  Wehave (D2—4)x(t) = tsinh t, where D = I

AEis m2—4=0 = m=*2
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(t/-3) — (2/9)

~3+2D+D%* |t Lozt 2
| t-(2/3) R T
2/3
0
I S S S -
2 p’-4 (D-1)*-4 D*-2D-3
(t/=3) + (2/9)
_3_ 2 |t -t 2 _
3-2D+D . _| 2t 2t
F+(2/3) . Pz*(a%}’
-2/3
-2/3 __
0
1
xp:EIpl'_le
2171379171379
=t ot _g el !
3 2 9 2
. —t 2
fe., X, =3 smht—gcosht
Complete solution : x = x_+ X,
_ ¢ _o¢ tsinht 2coshi
Thus x—clez+cze - 3 - g
4 ' d
>> Wehave (D" ~1)y = ¢ cost, where D =7
AEis m*-1=0or (m—1)(m*+1) =0
ie., (m=1)(m+1)(m*+1)=0 = m=1, -1, i

Yy =c e e e v, cost+c, sint.
¢ 1 2 3 4
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y _etcost_et_ cos t
roptag (D+1)4-1
t cost
=g 3 2
D +4D " +6D°+4D+1 -1
t
= ¢ ) gos > Now D? -1
D™ +4D7 + 6D° + 4D
¢ Cos f ¢ Cost
¥, =¢- 2 cC T
P (—1Y+4(-1)D+6(-1)+4D -3

Complete solution : y = y.+ yp

_ t —t P - :
Thus y = ¢ ¢ te,e "tegcosttc sint-e cost/5

__.______-__-—__—-.__-.-_—-._.--.-_—..._-.___________..__4_...

56. Solve :y” + 16w = xvsin 3y
>> Wehave (D2+16)y:xsi113x
AEis m*+16 = 0 or m = V=16 = V162 = &4

Y. = ¢ cosdx + ¢, sin4x

v = xsinSx_
PoD?i16

Let us use

xV__[__fD)] Vv
f(D) (DY |f(D)

e 2D sin 3x Clre 2D | sin3x
D?+16 |D*+16 D?+16|-3%+16

i B xsin3x_ 6cos3x xsinSx_i 6 cos 3x
! 7 7(D?+16) 7 7(-3%4+16)
xsin3x 6 cos3x
Y, = AT 49[7xsm3x 6 cos 3x ]

Complete solution: y = v, +yp

1
Thus y=¢ cos4x+c sm4x+—(7xsm3x 6 cos 3x)
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87. Solve: ¢ 2y’ sy - arosn
>> Wehave (D*-2D+1)y = xcosx
AEis m2~2m+1=0or (m=1Y =0 = m=1,1

X
y. = (cl+czx)e

_ __Xeosx
T D2 oD +1
xV [y v
We h = A NS
e have (D) [x f(D)Jf(D)
(2D-2) oS X
H = _
ence yp {x D2—2D+1}D2—2D+1

_ JC_Z(D—l) CcOS X

(D-1)*|-1-2D+1
: x—i— Sin X . cosx cosxdx_gi_n_ag
- D-1|, -2 ;  =-2D 4 -2 To-2

—xsinx sSinxy
+
2 D-1

—xsinxy (D+1)sinx
2 D*-1

~xsinx cosx+sinx -1 . -
== > :--?(xsmx+cosx+smx)

Complete solution: y =y _+ yr;

g 1 . .
Thus y = (cl+c2x)E—E(xsmx+cosx+smx)

58, Solve: (a) y™ y = Veosy (h) oy v = v sin x
>> (a) We have (Dz—l)},r = 2’ cosx

AEis m=1=0= m=xt1
y.=c &ty

2 2 ix

x“cosx R.P(x"e”)

T p?-1
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[Note : We do not prefer to apply the result of ff [I)/ ) twice }
ix x2
Y, = R.Pe :D2_1 Wereplace Dby D+
= R.P " 3 —=
(D+i) -1
ix x2
= R.Pe" —— -
D? +2iD+i° -1
] 2 ] x2
= R.P™—= SR P s
D+2in-2 -2+2iD+D
We need to employ division now.
(*/-2)—ix+(1/2)
~242iD+D? | £ 2D (¥ -2)=-2ix
X -2ix—1 DX (x/-2)=—1
2ix+1
2Bx+2 Quotient is
-1 -1 .
1 (P -1)-ix -
0

_ 2 P
yp—R.Pe [2(1 x°) m}

-

I

= R.P(cosx+i5inx)ﬁ(1—x2)—ix}

1 _
= R.P{{%cosx(1—x2)+xsinxJ+i{§sinx(1—x2)—xcosx

1
Required Y, = Ecosx(l—xz)-%xsinx

Complete solution : y = y + Y,

_x COSX .
Thus y=clex+c2ex+T(l-x2)+xsmx

(b) (D2—1)y - ¥*sinx

The working is same as in case (a) where
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_ th)u'
i D? -1
sin x

Required = (1—x2)—xcosx
q Yp

2

Complete solution : y = y_+ Yy

_ _x  Sinx 2
Thus y = ¢ e +ce "+ (1-x")-xcosx

59. Sole: y” 2y +y =1 "sny
>> Wehave (D*-2D+1)y = x¢"sinx
AE is m=2m+1=0or (m-1¥=0 = m=1,1

X
¥y, = (e te,x)e

y Xsinx .
=¢ ———— First D—-D+1
Iy (D=1
= v [ _fo)] v
Lo pfasinx T rave Y v
” b’ f(D) f(D) [f(D)
: 2D s ) 97 sin 3
ey = b
= ¢ (—xsinx+2 - —cosx)
b’P=“€x(xsinx+2cosx)

Complete solution: y = y_+ Y,

Thus vy = (c1+::2x)ex—ex(xsinx+2cosx)

60.  {a) Soloe: v —du’ - du = 87" cos Ta

(b) Solve: v -4y’ + 4y = 817 % sin 2
2 _ 2 2x
>> (a) Wehave (D" —-4D+4)y = 8Bx"¢™ cos 2x
AEis m*~4m+4 = 0 or (m—2)2 =0 > m=22

Y, = (c1+c2x)ezx
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N 8x% ¢ cos 2x _ 8x% cos 2x

y = 0 ; D> D+2
T Dlay (D-2)

2% 8x% cos 2x
DZ

ie., =¢

Note : P.I can also be completed by integrating 8x% cos 2x twice by parts

2 2x
v, =(e2x)R.P§3C—D-Z—

8x°
(D+2i)

— (82X)R.P ezfl'

&
D?
_ {’,ZI R PeZix

8x°

_ Hsz ' P€2ix7__
D +4iD-4

We need to employ division now.

2 ~4ix+3

—4+4:’D+D2 Sx2

8x% ~16i x — 4
16ix +4
16i x + 16

-12
-12

0

Quotientis — 2¢% — dix + 3

Y, = P R.PAT (=2 —dix+3)

¢ R.P (cos 2x+isin2x) (—2x2 + 3 — 4ix)

= esz.P{[cost(—2x2+3)+4xsin2x]
+i[sm2x(—2x2+3)—4xc0521]J

Thus Y, = > [ cos 2x (3~ 2x° ) + dx sin 2x |

Complete solution: y = Yty

Thus y = (cl+c2x)eh+e2x[cos2x(3—2x2)+4xsin2x]
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(b) P.Jin respect of RS being 8x” ¢** sin 2x will be
% [sin 2x (3 - 2% ) — 4x cos 2x ] by taking the imaginary part.

Thus y = (c1+czx)e?“r+c2x[sin2x(3-2x2)~4xc032x]

Typen  Mixed Type ot Problenn

6l Soloe: (D711 )RS DA P I ¢’
> y o= c e L2 {52 cos (V3 x/2) +cysin (V3 x/2 )} (Refer Probleni-5)
y = sinx+e¢' _sinx N e p ap
PPyl DY+l D1 TP T2
sin x sint x 2 2
p, = e = et Now D*— -1 = ~1
U pPv1 pPD+1
_sinx - (1+D)siny _ sinx+cosxy _ sinx+cosx
PL>91.D " (1+D)Y(1-D) D2 5
by X
[4 e
= ---—— Here D1 .. p, ==
P2 3y 27 2

Complete solution: y = y +V ) where

—x 1
Thus y = ¢ ¢ Yye? czcos(\/S—x/2)+c3sin(\f3_x/2)} +-i-(sinx+cosx+efY)

: I
N y . iy P L
2 dx .

62, Solve:
>> We have (D2—2D+1)y: xe'+x
AEis m’=2m+1 =0 or (mwl)2 =0 - m=1,1

X
y, = (¢ rex)e

y e L. = py+py(say)
T2 _opi1 DP-ap+1 1PN
\ X
}]l e 5 ; D“‘) D+1
(D-1Y
,{_,3‘,,\‘

3
_ox Y x g N S
p}—c. -D2——£. 'H‘lcfldxf("() 6
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X

= m and we shall divide.
-2D+

Pa

1-2D+D? | X SoPy=x+2

Complete solution : y = y_+ Y, where Y,=F tp,

Thus  y = (¢ +e,x)e + /6 + (x+2)

63. Solve: y" v 4y’ 12y = e’ 3sin 2y
>> Wehave (D*+4D-12)y = 2 —3sin2x

AEis m*+4m~12 =0 or (m+6)(m=-2)=0 = m=2 -6

Y. = ¢ €2x+62 g O
. 2 _ 351'1“2’5“;_?3 b (say)
Y T DYy 4D -12 pPP+ap-12 1 "2
2x 2x
4 '
= = D=0
PTDeap-12  d+s-1z (PP =0)
- x 82.7( = x Ez_x__.’Ct’zx
T '2D+a T8 T8
pzz_zifﬂ_&%x_ D254
De+4D - 12
_ _.3sin2x  3sin2x _ 3(D+4)sin2x
P27 4vap-12 T 4(D-4) T 4(p%-16)
_ 3(2cos2x+4sin2x)
Py = - 80

Complete solution: y = Y. tP—p,

2x

_ . 2 —6x L X€ 3 ,
Thus y=ce tee T+ 3 +40(c0521+2sm2x)
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2

1
63. Solve:

wo= (b
dx

Wehave (D*- 1)y

>

AEis mz—l =0 = m==x1

= x

x -
y, =c ety

(1+x2)ex+xsinx

i hY
Y 4 asIn X

(1+x°)¢" +xsinx

¥ = - =p, + { say)
»T proq pror TRUY
2
- 1+
py =€ ;Y Now D—D+1
D -1
o 1422 p 14%% 5 X241
—_ - = —— = T ———
(D+1) -1 D?+2D 2D+ D?
We need to employ division now.
¥3/6 —x*/4+ 3x/4
2D +D* | P41 P S
24 2D 1276
-x+1 -X [—X _ﬁx:2
~x-1/2 Ssp= iy dr=Ty
3/2 32 3, 5
3/2 T4
0
3 2
: Xy X x 2
quotient = 6 4+ 1= 12(2x 3x+9)
> R R I
Hence p =¢ -12(21 3x+9)
.L‘ b ._V ’
Next Py = JLzmrand we use TL: X — (D) _V_
DF-1 FD) f(DY f(D)
b= x- 2D | sinx
2 D?-1|D%-1
[ 2D ] sinx _ —xsinx cosx | o
_{x Dz—]_J“l‘l— 5 2.1 Dr—s-1
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_ ZXsinx cosx -1
P, = > + 5 T 5 (xsinx+cosx)

Complete solution: y = AR where Y, =prtp,

xe

2 1 .
1 y T (2¥" -3x+9) 2(xsmx+cosx)

>> AEis m+m?~dm—4 = 0
ie., m?‘(m+1)*4(m+1)=0

or (n1+1)(r712—4)=0

= m=~1,x2
Y. =c e r+c2 €2I+c3 em 2
B 3¢ F _ (4x+6) = b —p, (say)
Yp D’+D*-4D-4 P yp2_ap-g4 1 P20
3¢ * 37
pp= 3 5 = — (Dr. = 0)
D?+D°-4D-4 -1+1+4-4
3ot 377 -
p] = X - — ‘j,, s I X e e e = —-Xe
3D+ 2D -4 3-2-
Py = 4x+62 3 P.Iis found by division.
—4-4D + D+ D '
—x—(l2)
44D+ D%+ D3 [4,\‘+6 SopyEmx—-(1/2)
v
: 2
1 2
i il _
| 0

Thus y = c e *+c, 4 € exd x4 (1/2)
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o

fo. Solee: Toh ki e Fane b sin 2

df -
>>  Wehave (D*+4)y = tsint+sin 2t

AEis m*+4 =0 = m=+2

DIFFERENTIAL EQUATIONS -2

y, = ¢qeos2t+¢, sin 2t
y = tsint+sin2f  tsint  sin2f - +p, (say)
P D% +4 D2+4 DPea 172
t sin t tV oyl v
= and letususe ——-_ = t- St By
LT D2y F(D) [ f(D) f(D)
, 2D sint 2D sin t
e il K S L 2
D+4 D +4 D+4|-17+4
. 2D isint tsint 2cost
., = t-—-' 5 - = —-— 5
p?+4| 3 3 3(D*+4)
. tsint 2cost 1 ,
ie., =377 g = 9(3t.‘31nt—2('08t)
sin2¢ 3 3
Also  p, = > Now D" -2 and Dr.=0
Do+4
sin2t sin 2t t cos 2t
pz‘tzD”tI'z dt = ——4
Complete solution : y = vy, + Yy where Y, = P1tPy
tcos 2t

1
Thus y = ¢; cos2f+¢, sin 2t+§ (3tsint—2cost) -

hl -
67. Solve: R N LI

(EX

v

>> Wehave (D?+4)y = x* +cos 2x+27*

A.E is given by m2+4 = 0 and hence m = + 2i

Y. = ¢ cos 2x + c, sin 2x

X Cos 2x 2 *

= +
D¥+4 D*+4 D +4

Yp
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yp =P +P2+P3 (say)

2
= P.Iis found by division
71 D +4 Y
/4 - 1/8
s4p? |2 X1 1,
PI="-2=_(2%-1)
2+ 12 ¢ 8 8
- 1n ¥
0 g’ J
1., 53
P, = 3 (2x°-1) i Y
p = COs 2x
2 p’id
Replacing D? by — 2% = ~4, denominator becomes zero.
_ ., Cos2x  xsin2x
X p 77 %
7% (eoB2yTT leg2ir o log2ea
p3—D2+4— D*+4 D*+4 —-(—log2)2+4
27*
Py =

(log2)®+4

Complete solution : y = Y+, where Yy = PPty

1 x sin 2x 27"
Thus y = €1 €08 2x + ¢, sin 2x+7(2x2—1)+—-§*1'L* +om e
8 4 (log2) +4

b o S i 1 L R S L S
! i

>>  We have ( D2—4D+4)y = ¢*¥ 4 cos2x + 4
AEis given by e~ dm+4 =0

ie., (m-2Y=0 = m=2,2
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_ 2x
y.= (¢ te,x) e

2x

y = ¢ N cos 2y N 4
P D>—4D+4 D?-4D+4 D’-4D+4
= py Pyt ps (50Y)
2y 2x
Now, p, =5 e (Dr. = 0)
D?—4D+4 2°-4(2)+4
2x 2x
e ¢
Yop—a T Y a(2y-4 (Dr. =0)
2x
5 €
Pp =X o
2x
Py :—25(35*—“ Replace D? by -4
De—-4D+ 4
_ €os2x _cos2x__1j‘coq 9y dx_—sin2x
Pr= T4 ap+4a - —ap T 4T R
Pa = 52 4p+a 0-044 47

Complete solution : vy = y +y_where y = p +p,+p
P y e yp yp p] pz 3

2 2x .
. sin 2x
Thus yz(c1+c2x)eh+£-;—— s

G Noloe I P ey ) oy 2

>> Wehave(D2~6D+9)y:6e3x+’7e"21—10g2
AE isgivenbym2—6m+9:0 or (m—3)2:0 = m=373
y, = (cl+czx)e3‘

6’ x 7% log2
D?—¢D+9 D?-6D+9 D*-6D+9

Yp =

It

Pyt Pyt Py (say)



